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Abstract

Dendrites are tree-like topological spaces, and in this thesis, the physical characteris-
tics of various random fractal versions of this type of set are investigated. This work
will contribute to the development of analysis on fractals, an area which has grown
considerably over the last twenty years.

First, a collection of random self-similar dendrites is constructed, and their Haus-
dorff dimension is calculated. Previous results determining this quantity for random
self-similar structures have often relied on the scaling factors being bounded uniformly
away from zero. However, using a percolative argument, and taking advantage of the
tree-like structure of the sets considered here, it is shown that this condition is not
necessary; a simple condition on the tail of the distribution of the scaling factors at
zero is all that is assumed. The scaling factors of these recursively defined structures
form what is known as a multiplicative cascade, and results about the height of this
random object are also obtained.

With important physical and probabilistic applications, the heat equation has jus-
tifiably received a substantial amount of attention in a variety of settings. For certain
types of fractals, it has become clear that a key factor in estimating the heat kernel is
the volume growth with respect to the resistance metric on the space. In particular,
uniform polynomial volume growth, which occurs for many deterministic self-similar
fractals, immediately implies uniform (on-diagonal) heat kernel behaviour. However,
in the random fractal setting, this is frequently not the case, and volume fluctuations
are often observed. Motivated by this, an analysis of how volume fluctuations lead
to corresponding heat kernel fluctuations for measure-metric spaces equipped with a
resistance form is conducted here. These results apply to the aforementioned random
self-similar dendrites, amongst other examples.

The continuum random tree (CRT) of Aldous is an important random example
of a measure-metric space, and fits naturally into the framework of the previous
paragraph. In this thesis, quenched (almost-sure) volume growth asymptotics for the
CRT are deduced, which show that the behaviour in almost-every realisation is not
uniform. Applying the results introduced above, these yield heat kernel bounds for
the CRT, demonstrating that heat kernel fluctuations occur almost-surely. Finally, a

new representation of the CRT as a random self-similar dendrite is presented.
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Introduction

This thesis contains a study of the geometrical and analytical properties of a range
of random fractal dendrites. Throughout, we use the definition that a dendrite is
a path-connected Hausdorff space containing no subset homeomorphic to the circle.
Thus a dendrite is most easily thought of as the topological analogue of a graph tree.
Although we assign no precise meaning to the word fractal, the term is included in
the title to allude to the fact that the more interesting examples to which the results
of this work apply all have some kind of fine structure, precluding them from being
investigated by some of the standard tools of classical analysis. Finally, the majority
of the objects of interest will be built as random variables on some underlying prob-
ability space. As we shall demonstrate in several cases, this can lead to a qualitative
distinction between the properties of the structures considered here and those of the
associated deterministic structures.

The nature of the thesis is such that the three chapters, although being interlinked
by a common theme, are mathematically and notationally independent. As such, it
seems more sensible to introduce the background material and notation at the start
of each chapter separately, rather than collecting it all here. Instead, we shall simply
summarise the main contribution of each chapter in words, leaving the presentation
of the precise mathematical statements until the preparations are in place.

In Chapter 1, the focus of study is a class of self-similar dendrites. The particu-
larly high level of symmetry of the so-called post-critically finite self-similar fractals,
of which these are a subset, has allowed through analytical and probabilistic methods
a mathematical development of an analysis on fractals. At the centre of this work has
been the solution of the heat equation on fractals and calculation of related spectral
properties. For these problems, possibly the most powerful approach currently avail-
able is that of [39], in which the first step is to build an intrinsic self-similar Dirichlet
form on the relevant sets. It is the randomisation of this construction that we under-
take, resulting in a Dirichlet form which is only statistically self-similar. It should be

noted that such an approach has been considered on specific fractals before, see [32]



for example. However, the simplicity of the structures on which we are working has
allowed a weakening of the conditions on the random scaling factors involved. In par-
ticular, we are able to avoid uniform bounds, and only require simple tail estimates
to complete our arguments. Furthermore, we are also able to avoid having to choose
the scaling factors to be consistent at each stage by introducing random “resistance
perturbations”, which take into account the tail fluctuations in the construction.

Perhaps establishing the existence of a random Dirichlet form on a fixed set seems
a trifle contrived. However, there is a more natural way to view the results we
prove. In fact, the Dirichlet form we build also satisfies the definition of a resistance
form, see [38]. In this article, it was shown that on dendrites there is a one-to-one
correspondence between these quadratic forms and resistance metrics, where, in this
setting, such metrics can be viewed simply as shortest path (additive along paths)
metrics. Thus it is also an accurate description to say that we have constructed a
statistically self-similar dendrite and the naturally associated Dirichlet form. In the
course of doing this, we are required to prove some results of interest in their own right
about the height of multiplicative cascades, which are probabilistic objects appearing
in a number of diverse settings. In the latter half of the chapter, we investigate some
of the geometrical properties of the random dendrites. Specifically, we calculate the
Hausdorff dimension of the fractals, and also present some measure bounds for the
innate statistically self-similar measure on the sets. Finally, we discuss some examples
to illustrate the conclusions of the chapter.

Chapter 2 sees a more general approach to the study of the heat equation on
fractals, which is motivated by results arising in the random fractal setting. It has
been seen that for measure-metric spaces equipped with a resistance form one major
factor in obtaining heat kernel estimates for the associated Laplacian is knowledge
about the volume growth of the space with respect to the resistance metric. In
particular, if uniform volume doubling occurs, then it is possible to obtain sharp
bounds, at least for the on-diagonal part of the heat kernel, see [41]. For volume
doubling, it is required that the volume of a ball of a certain radius is controlled
uniformly by the volume of a ball, centred on the same point, with only half of its
radius. However, although many deterministic sets satisfy this condition, it has been
demonstrated that certain random fractals do not and display fluctuations in the
volume about a leading order doubling term, see [33]. In a specific case, Hambly
and Kumagai showed that this leads to fluctuations in the heat kernel, see [34]. In
Chapter 2, we prove similar results in a much wider setting, making no assumptions

on the structure of the space, and only relatively weak assumptions on the volume



fluctuations. In this setting, we are able to deduce global and local (point-wise)
bounds which confirm that non-trivial volume fluctuations will always lead to non-
trivial heat kernel fluctuations. Although the results proved here are not specifically
targeted at dendrites, the condition that is necessary to apply the off-diagonal bounds
holds most naturally in this case. The chapter is concluded by a brief presentation of
the effect of small polynomial or logarithmic volume fluctuations about a leading order
polynomial term. These cases both arise naturally for random fractals, including the
dendrites of Chapter 1.

The final chapter is nothing more than an, albeit significant, example. In it, we
deduce volume growth asymptotics for the continuum random tree of Aldous, see [1].
Since the continuum random tree is a random dendrite, the results of the previous
chapter are readily applicable and so we are immediately able to deduce from these
heat kernel asymptotics for this set. We provide global and local quenched (almost-
sure) versions of these results, as well as annealed (expected) bounds at the root.
To obtain the volume bounds, we conduct a sample path analysis of the normalised
Brownian excursion, which is the contour process of the continuum random tree.
The chapter also contains a construction of the Brownian motion on the continuum
random tree that is substantially more concise than the construction appearing in the
literature, see [40].

In fact, it transpires that the continuum random tree is also an example of a
statistically self-similar dendrite, as discussed in Chapter 1. In Appendix A, we use
inductively the observation of Aldous, [5], that the continuum random tree has a
random self-similarity to show that it may be constructed via a random change of
metric on a fixed subset of R%. This model for the continuum random tree gives us an
extremely clear picture of the structure and symmetry of the set and measure, which
is not obvious from the graph tree descriptions that are available.

Throughout this thesis, we use numbered constants of the form c¢;; and t; to
represent (possibly random) constants whose precise value is unimportant to our
study. Exponents of the form 6. are always deterministic, and we will provide some

bounds for these in certain results.



Chapter 1

Random self-similar dendrites

In this chapter we randomise the construction presented in [39] of a Dirichlet form on
a post-critically finite self-similar (p.c.f.s.s.) set, when this set is a dendrite. We then
calculate the Hausdorff dimension in the resistance metric of the random p.c.f.s.s.
dendrite to be almost-surely equal to the solution of a stochastic version of the equa-
tion which gives the Hausdorff dimension in the deterministic case. This result is
analogous to the expression derived for the Hausdorff dimension of the random re-
cursive constructions in [23] and [47]. We provide measure bounds for a class of these
sets, where the measure that we consider is the stochastically self-similar measure nat-
urally associated with the random set. Finally, we present three examples to which

we are able to apply the results of this chapter.

1.1 Background and notation

We start by outlining briefly the procedure used in [39] to build a Dirichlet form on
a p.c.f.s.s. set, which will provide a template for our random construction, and also
allow us to introduce much of the notation that will be used throughout the chapter.
It should be noted that a similar treatment can also be found in [9]. To define a self-
similar set it suffices to define a finite collection of contractions on (X, d), a complete
metric space. For the arguments in later sections, it will be useful to restrict to
continuous injections. Hence we fix a finite index set S, define N := |S|, and let
(F})ies be a set of continuous injections on (X, d), with contraction ratios strictly less
than 1. Throughout, we shall assume that N > 2 to exclude the trivial case that
arises when N = 1. For A C X, define

F(A):=|JF(A). (1.1)

€S



Our self-similar set, T, is the non-empty compact fixed point of the equation F'(A) =
A. The existence and uniqueness of T is guaranteed by an extension of the usual
contraction principle for complete metric spaces, see [39], Theorem 1.1.4.

An important idea in the understanding of the topological structure of self-similar
sets is the relation with what is known as the shift space, which is made up of infinite
sequences of elements of S. We denote this by ¥ := S¥. The corresponding finite

sequences we write as, for n > 0,

So=8" L= S, (1.2)
m>0
where Yy := {(}}. These spaces also serve as useful address spaces for labelling

various objects in the discussion and we now introduce some related notation. For
1€ Xm,J € X,k € X, write tJ = i1...0mJ1---Jn, and tk = iy ...0,kks.... For
i € X, denote by [i| the integer n such that i € ¥, and call this the length of i. For
i € 3, UX, n>m, the truncation of i to length m is written as i|m := iy ...i,,. For
i € ¥, and A C T, we define A; to be equal to F;(A), where F;, := F; o---0 F;
and for a function f : T — R, let f; := f o F;. The following theorem provides the

connection between the shift space ¥ and the self-similar set 7.

Theorem 1.1.1 (/89], Theorem 1.2.8) For any i € X, the set Ny>1Tym contains
only one point. If we define m: 3 — T by {n(i)} = Nim>1T5jm, then m is a continuous
surjective map. Moreover, if we define for i € S the map o; : X — X by 0;(j) =

iJ1J2 ..., then moo; = F;o.

This result gives us that (7', S, (F})ics) is a self-similar structure in the sense of
[39], Definition 1.3.1. In the analysis of a self-similar structure, a particularly useful
condition for the structure to satisfy is post-critical finiteness, which makes precise
the idea that the intersections of the sets (7});cs should not be too large. If we write

the union of the pairwise intersections of sets in (7;);cs as

¢:=JTnnT,
i,jES
i#]
then the critical set is the pre-image under 7 of this set, C := 7 !(C’), and the

post-critical set is defined to be

P = U a"(C),

(@4



where o : ¥ — X is the shift map, characterised by o (i) = igiz... for ¢ € ¥. The
self-similar structure (7, S, (F;);cs) is said to be post-critically finite if |P| < co. The
main obstacles to |P| being finite are when 7" is not finitely ramified, as in the case of
the Sierpinski carpet (see [39], Example 1.3.17), or when there is too much overlap of
the sets (7});es. Since we will be focussing on dendrites, which are certainly finitely
ramified, the first of these problems will not arise and it is the second problem we
want to rule out. Henceforth, we assume that (T, S, (F})es) is a p.c.f.s.s. set.

The Dirichlet form on T of [39] is constructed as the limit of a sequence of Dirichlet
forms on the approximating finite subsets of T" that we now introduce. First, let
V9 := 7(P), which may be thought of as the boundary of 7', and define

V= U 748
i€
The sequence (V"),q satisfies V" C V" and it is also a fact that V* :=J, ., V" is
dense in T with respect to the metric d whenever V° = (), ([39], Lemma 1.3.11). We
exclude the trivial case V9 = () in all of what follows. A result that holds for p.c.f.s.s.

sets that we will apply repeatedly is, ([39], Proposition 1.3.5), for i,j € 3, i # j,
TiNT; =vinV). (1.3)
Now, consider a Dirichlet form on the finite set V° defined by

DU f) =5 3 Hyllfe) — FW)P,  ¥feC(v)

xverO:
TFy

where for a countable set, A, we denote C'(A) := {f : A — R}. To make this a Dirich-
let form we require Hy, > 0, Va,y € VO, o # y, and if Hpp := =33 o s, Hay, then
we also require the matrix H := (H,y), yevo to be non-positive definite. Furthermore,
we make the assumption of irreducibility, so that Hf = 0 if and only if f € C(V?)
is constant. Given this form and a set of scaling factors r := (r;);es with r; > 0 for
each ¢ € S, we can use D to define a Dirichlet form on each of the V" by setting, for
n >0,

1
Ef. 1) =D DU f).  VfeoW™, (1.4)
ien, "
where r; := r;, ...r;, for i € ¥, and ry := 1. Whilst each £" is a Dirichlet form,

to establish the existence of a non-trivial limit as n — oo, we need to place some
restrictions on the choice of (D, r) so that the sequence {(V™,E")},>0 is compatible

in a sense that we shall now define. First, we introduce the trace operator, which

6



gives a natural restriction of a Dirichlet form, &£, from a set A to a finite set B C A
and is defined by

Te(E|B)(f, f) == inf{&(g,9) - g€ F, gl = f}, VfeC(B), (1.5)

where F is the domain of £. The domain of Tr(€|B) is defined to be the set of
functions for which the above infimum is finite. The sequence {(V™,E")},>0 is said
to be compatible if E" = Tr(E™TH V™) for each n, and in this case (D,r) is said to be
a harmonic structure. A harmonic structure (D, r) is said to be regular if 0 < r; <1,
VieS.

The general problem of finding a harmonic structure is known ([39], Proposition
3.1.3) to be equivalent to finding a Dirichlet form D on V? such that, when we define
E by (1.4), we have Tr(E'|V?) = D. Proving the existence of a solution to this
renormalisation problem is not trivial and has not been achieved for p.c.f.s.s sets
in general. A significant step towards answering this question was taken by Sabot,
[53], who provided conditions for the existence and uniqueness of such a Dirichlet
form. One particular application of this work is that for nested fractals, which are
a special class of p.c.f.s.s. sets, there is precisely one solution to the renormalisation
problem (up to multiplicative constants) associated with equal weights (r; = r;, for
all i,7 € 9).

Suppose now that (D,r) is a regular harmonic structure, so that the sequence
{(V"™ E™)}n>o is compatible. Before taking limits, we introduce the notion of a re-
sistance form. A non-negative symmetric quadratic form (&£, F) is called a resistance

form on a set X if it satisfies the following conditions:

e F is a linear subspace containing constants. E(f, f) = 0 if and only if f is

constant.

e Let f ~ g if and only if f — g is constant on X. Then (F/ ~,&) is a Hilbert
space.

e If V is a finite subset of X and f € C(V), then there exists g € F such that
glv = I

e For any z,y € X,

a {16 — f)P

) | N
W.f&]—“,ﬁ(f,f)>0}< )

elf fc Fand f:=(0V f)A 1l then f € Fand E(f, f) <E(f, f).



In fact, the quadratic forms {(E™, C'(V"™))}.>0 are also resistance forms. Working

in a greater generality than the p.c.f.s.s. case, Kigami shows that if we define

E(/.f) = lm E1.f). VieF (1.6)
where
F={feCcV": Ji_)ngoé'"(f, f) < oo}, (1.7)

then (€', F’) is a resistance form on V*. Note that we have abused notation slightly
by using the convention that if a form £ is defined for functions on a set A and f is
a function defined on B O A, then we write E(f, f) to mean E(f|a, f|la). There are
now two steps remaining: we first need to extend (€', F’) from V* to T, and finally
we need to check that it satisfies the definition of a Dirichlet form.

Naturally associated with a resistance form (€, F) on a set X is a resistance
metric, R, which as the name suggests is a metric on X and may be defined by, for
r,y€ X,z #y,

R(z,y)~ =1mf{E(f. f): feF, fla) =1, fly) =0}, (1.8)

and R(z,x) = 0. We can define such a function R on V* x V* from our resistance
form (&', F'), and because we are considering a p.c.f.s.s. set with a regular harmonic
structure we have that (7, R) is the completion of the metric space (V*, R'), where
R is the natural extension of R’ to T. Moreover, the topology of (T, R) is compatible
with the original topology of (T, d), see [39], Theorem 3.3.4. Furthermore, if we define

Ef,[)=¢E(f[f), VfeF, (1.9)

where

F={feC(T): f

ve € F'}, (1.10)

and we use C(T") to represent the continuous functions on 7" (with respect to d or R),
then (£,F) is a resistance form on on 7" and has associated resistance metric R. To
complete the construction of a Dirichlet form we need a measure on our p.c.f.s.s. set,
and we shall assume that p is a Borel probability measure on 7' that charges every
non-empty open set. Under this assumption, it follows from results in Chapter 2 of
[39] that (£, F) is actually an irreducible, conservative, local, regular Dirichlet form
on L*(T, ).

One of the main goals of this chapter is to calculate the Hausdorff dimension of a

random p.c.f.s.s. dendrite. For comparison, we note that the Hausdorff dimension of



the fixed metric space (T, R) is the unique positive « that satisfies

=1, (1.11)
ies
see [9], Corollary 8.10. This is analogous to the result proved by Moran in 1946 for the
Hausdorff dimension of Euclidean self-similar sets satisfying an open set condition,
[48].
Finally, we summarise the concept of a self-similar measure on T. If p := (p;)ics
is a set of weights satisfying >, .¢p; = 1, 0 < p; < 1 for ¢ € S, then there exists a

Borel probability measure, p on T' that satisfies the following self-similarity relation

p(A) = pip(F(A)),

€S

for any Borel set A C T'. For this measure, it is possible to show that
w(T;) = p;, Vi € X, (1.12)

where p; := p;, ...p;, for i € ¥,,, and py := 1. In particular, when p; := r{, with «
defined as at (1.11), the measure p may be used in the computation of the Hausdorff
dimension of (T, R). In the case of T" being a random p.c.f.s.s. dendrite, we will use
a stochastically self-similar measure that satisfies a randomised version of (1.12) to

prove the corresponding dimension result.

1.2 Geometry of p.c.f.s.s. dendrites

We saw in the previous section the standard method of approximating a p.c.f.s.s. set
T by the finite subsets (V"),>0. Henceforth, we restrict our attention to the case
when we have a p.c.f.s.s. structure, (T, S, {F;}ics), with T a dendrite, as defined in

the introduction. For a graph on V", the natural edge set is
E" .= {{z,y}: z,y € T;, for some i € ¥,}.

However, for our purposes, the graphs (V" E™) are not the best way to approximate
T. The main problem is that, even though 7' is a dendrite and contains no loops, the
graphs (V™ E™) do not in general reflect this and may contain cycles. For example,
this is the case for the well-known Vicsek set and Hata’s tree-like set (see Examples
1.2 and 1.3). In this section, we introduce the graphs that we will use to approximate

T and present a discussion of some of their simpler properties. In particular, we



will show that they are graph trees, which has as an advantage that the resistance
between vertices will simply be the sum of edge resistances along the path between
them, making much of the analysis in subsequent sections more tractable.

We do not disregard the idea of (V" E™) completely. We shall use the idea of
refinement to obtain a sequence of vertex sets based on (V"),>0, and then choose
edge sets more closely related to the underlying dendrite 7', so that the resulting
graph sequence has the properties that we would like. First though, we introduce
some further notation. It is a consequence of the definition of a dendrite that, for
any z,y € T there exists a unique path connecting x and y. Precisely, there exists a
continuous injection v : [0, 1] — 7" such that v(0) = x and (1) = y. We shall denote
a function with these properties v,,. The path connecting x and y can be defined to
be the image of such a map, and we shall write it as Gy, i.e. Gy = 74, ([0, 1]). For
a finite subset V' C T', define the direct neighbours of x € V by

Viz):={2": 2" eV, o' £z, Gu NV ={x,2'}}.

We say V is fine if and only if G.p, N Gy, = {2z} for all z € V' and distinct 1, 29 €
V(z). A fine subset U containing V' is called a refinement of V. The lemma we now

state guarantees we can always find a finite refinement for a finite subset of T'.

Lemma 1.2.1 (/39], Lemma 5.3). Let T be a dendrite. For any finite subset V C T,
there exists a finite set U C T which is a refinement of V.

In the proof of the above lemma, the following refinement of V' is introduced:
U:=VU{blz,x1,20) : ® €V, x1,29 € V(x), 11 # X2}, (1.13)

where b = b(x, z1,x5) is defined to be the unique point in 7" such that Gy, N Gury =
G- The function b picks out the branch point of the three vertices in its arguments,
and so U is simply the set V' with its branch points added. This is the minimal
refinement in the sense that U C U’ for every refinement U’ of V. The following

lemma allows us to write down the minimal refinement in a more concise way.

Lemma 1.2.2 Let V be a finite subset of T and U be defined by (1.13). Then
b(xy,x9,23) € U for any x1, 29,23 € V.

Proof: Throughout this proof, write b = b(x1, x2,x3). First, suppose x1 = xo, then
Gaywy N Goywys = Gy, and so b = x; € V. Similarly for 7 = x3. If 9 = x3, then
Gaywy N Gayny = Gayay, and so b = 29 € V. Hence we can assume that x;, o, x5 are
distinct. Clearly, if b € V| then we are done. Suppose b ¢ V. Let

ti = ll’lf{t 2 0: ’)/bxl(t) € V},

10



which takes values in (0, 1], because ., (1) € V, for ¢ = 1,2,3. Furthermore, define
xh = Yo, (t;) € V. Now, by definition, b € G,,,,, and so applying the path uniqueness
property of a dendrite, we find that Gy, N Gy, = {b}. Similarly, Gy, N Geey = {b}.
Suppose ' € Gy, N Gy, then clearly 2’ € Guypy N Guywy = Gayp. Consequently, we
also have 1" € Gz, N Gy, = {0}, and 50 Gy, N Gy = {b}. Noting that G C Gy,
1 =1,2,3, it follows that

be’l A Gbxg = Gbxll a Gbxé - Gbxé N Gb“fg - {b}

Using these formulae, it is elementary to check that b = b(z, 2}, 2%) and 2} € V,

xh,alh € V(x)), o # 2. Thusbe U. O
For a finite subset V' C T, we shall denote
R(V) = {b(z1, x, x3) : 21, 22,23 € V'},

which, by the previous lemma, is simply another way of representing the minimal
refinement of V. It is clear from the minimal fineness of this set that, if V' is fine,
then R(V') = V. We are now ready to define our alternative sequence of finite subsets
of T. Let V0 :=R(V?), and define

V= U Vo

1€Xn,

By Lemma 1.2.1, V° is a finite set and consequently, so is V™ for all n > 0. Analogous
to the definition of V*, we also define V*o= Unzof/n‘

Since V0 is a non-empty compact set, V" — T with respect to the Hausdorff
metric on (7', d), ([39], Theorem 1.1.7). From this fact it follows that T is the closure
of V*. Note that is only the closure with respect to the metric d, which we are
only interested in for the construction of 7. We shall show later that, as in the
deterministic case when we had a regular harmonic form, the topology induced by
the random resistance metric that we construct in Section 1.4 is the same as that of d,
(Proposition 1.4.8). This means that the closure of V* with respect to the resistance
metric is also equal to 7', and so (V")nzo is a reasonable sequence to approximate T’
by.

As a corollary of the next three lemmas we have that (f/n)nZO is an increasing
sequence of finite subsets of T'. This is important for the construction of the Dirichlet
form on T. We start the series by showing, in Lemma 1.2.3, that R preserves order

of finite subsets of T. Next, in Lemma 1.2.4, we demonstrate that V™ is fine. From
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this, it is straightforward to show that R and F™ commute on V°, where F' is the
function defined at (1.1). To clarify this statement, we note that Lemma 1.2.5 may
be presented in the following alternative notation R(F"(V?)) = F*(R(V?)).

Lemma 1.2.3 Let V and V' be two finite subsets of T. If V. C V', then R(V) C
R(VY).
Proof: Applying the definition of R(-) we obtain, for V C V',

R(V) = {b(x1, 29, 13) : 1,709,203 € V} C{b(w1,79,73) : x1,79,23 € V'} =R(V').

O

Lemma 1.2.4

(a) Forz,y € T and f : T — T a continuous injection, f(Gzy) = G p(z)f(y)-

(b) Let V be a finite subset of T such that V° CV, and define V' = F(V)). Then, for
xe V' e V'(x), we have Gy C T for somei € S.

(c) Let V be a fine finite subset of T such that V° C V, then V' = F(V) is a fine
finite subset of T with V° C V',

(d) V™ is fine.

Proof: Let z,y € T and suppose f : T'— T is a continuous injection. By definition,
we have that ., is a continuous injection with v(0) = = and (1) = y. Hence f o,

is a continuous injection with (f o 7,,)(0) = f(z) and (f 0 74,)(1) = f(y), and so

(f 0 72)([0,1]) = Gy rw)-

We also have that 7,,([0,1]) = G, which means that

(f ©%y)([0,1]) = f(12y([0,1])) = F(Gay).

Comparing the two expressions for (f o 7,,)([0, 1]) yields part (a).

Let V be a finite subset of T such that V° C V| define V' = F(V). If (b) does
not hold, then we can find x € V' and 2’ € V'(z) such that there exists ¢ty € (0, 1],
i,j €5, 1 % jwith v,,,(0) € T)\T; and vy (to) € T;\T;. Let t = inf{t : v,/ (t) ¢ T}
Clearly, t; is well-defined and not greater than ¢y,. Furthermore, by the continuity of

vz2 and the compactness of the sets Ty, i’ € S, we must have that t; € (0,1) and
Ve (t1) € Ty N Ty, for some i,k € S,i # k.

By (1.3), this means that v,/ (1) € V;’NV? C F(V°) C V'. However, this contradicts
that 2’ € V’'(x) and so (b) must hold.

12



Now assume that V is fine. Fix x € V/ and let x; and x5 be distinct points of
V'(z). By part (b) we know that G,,, C T}, G4, € T, for some 4,j € S. First
suppose i = j. We can write z = F;(2'), 1 = F;(2}) and zo = F;(2)), where 2/, x}
and x4 are distinct points of V. Now if y € Gy NV then, by (a) this would imply
that F;(y) € Gy NV’ and so Fi(y) € {x, x1}, because z and x; are direct neighbours
in V'. Hence y € {2/, 2]} and so 2] € V(). Similarly, 2, € V(z’). Thus, because V'
is fine we have that G, N Gy = {2'}. By (a), applying F; to both sides of this
equation yields Gz, N Gupy = {2} and so V' is fine.

Now suppose i # j. This means that Gz, N Guwy € T, NT; C F(V) C V.
However, G, NV’ = {z, 21} and Gy, NV’ = {z, 22}. Thus

Gazy N Gapy = Gogy NG, NV ={z, 21} N {2, 25} = {z}.

This completes the proof that V' is fine. The last part of (¢) is trivial on noting that
VO C F(VY).
Part (d) is obtained by applying part (c) repeatedly to VO, which is fine by defi-

nition. [l

Lemma 1.2.5 Forn >0, R(V") =V".
Proof: By definition, V° C V°. Applying F™ to this we obtain V* C V™. Thus,
by Lemma 1.2.3, we have R(V") C R(V") = V", where the equality is a result of
Lemma 1.2.4(d).

It remains to show that V" C R(V"). Let € V", then x = F,(«') for some
2 € VPandi € X, Since VO = R(V?) we must have 2/ = b(zy, xy, z3) for some

Ty, 9, x3 € VO, This means that 2’ is the unique point in T such that Gz, N Gayzs =

D

G- Applying F; to this equation, and using Lemma 1.2.4(a) yields Gg,(z,)F;(20)
GFi(wl)Fi(ws) = GFi(l‘l)l" Thus x = b(Fi(xl), Fi(l‘g), FZ(.fg)) S R(V”) ]

Corollary 1.2.6 Forn >0, V" C V",
Proof: From the previous lemma, we know that R(V") = V. Since V" C V"1,

Lemma 1.2.3 implies the claim. U

To complete this section, we shall define a sequence of graphs on the nested
sequence of vertex sets, (V"),>0. We shall take the natural choice of edges on V"

given by pairs of direct neighbours. Precisely, we define the edge set by
E" = {{z,y}: € V" yeV*(x)}

13



The next proposition gives use that the graphs (V", E”) form a sequence of graph
trees. This result is followed by a presentation of some other properties of the graphs

that we will apply in later sections.

Proposition 1.2.7 (V" E") is a graph tree for each n > 0.
Proof: Let 2,y € V", and set ty = 0. Define

togr i= Inf{t > t, 1 v, (t) € V",

T = Yay(t;) and M = inf{n : x, = y}. By the injectivity of ~,,, we must have
that M < |\~/"| < 00. Using elementary arguments, it is possible to check that z =
Zo, ..., Ty =y is a path from x to y with {z,_1,2,} € E™ for every m =1,..., M.
Hence (V", E™) is connected.

It remains to show that (f/", E”) is acyclic and we shall do this using a proof by
contradiction. Suppose zg,..., Ty = To is a cycle in (f/”, E”), necessarily we have
3< M < oo and zq, ..., zy_ distinct. We first note that, since V" is fine, we must
have G, NG

Givll'lwfl

Gayzy U+~ UGy, y2,,_, 15 & path-connected subspace of 7' containing the points

earazy = 1Z0}, and so by adjoining the two paths end-to-end we have

= Gyouy UGy, 2, - Furthermore, it is immediate from our assumptions that

and xp;_1. By the uniqueness of paths on 7', it follows that G is a subset of

T1TM—1

this union. Combining these facts we find that o € G, U--- UG and in

TM—2TM—1
for some m € {1,..., M — 2}. However, by the definition
NV = {Zm,Tms1}. Thus

Ty = Ty, for some m € {1,..., M — 1}, which is a contradiction and so no such cycle

particular zy € G

ITmTm+1

of the edges as direct neighbours we have that G

ITmTm+1

can exist. ]

The following lemma gives us an alternative representation for edges in E". In

the proof, we will use the obvious notation G, := G, for an edge e = {z,y}.

Lemma 1.2.8 For every edge e € E™, there exists a unique ¢’ € E° and i € ¥, such
that e = Fi(€').

Proof: We first prove existence. Let e = {z,y} € E™. Applying the obvious generali-
sation of Lemma 1.2.4(b), we immediately have {z,y} C T; for some ¢ € ¥,, and hence
z = Fy(x'), y = Fi(y') for some z', 3y € T. We are required to show that {z',y'} € E°.
Suppose there exists a j # i such that © = Fj(z"). Then z € T, N T; = VN V),
by (1.3). It follows from this and the injectivity of F; that 2/ € V° C V9 If no
such j exists then z € V"N (Ujes,, j=T5) C V;O. Again, by the injectivity of Fj,
this implies that ' € V. Similarly, ' € V° Suppose now 2’ € Gy NV, then
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Fi(2') € Goy N Vn = {z,y}, where we use the fineness property of the set V™ for the
equality. Thus 2’ € {2/,y'} by injectivity, and so 2’ and 3’ are direct neighbours in
V0. This means that e = F(¢'), where ¢’ = {2’, ¢/} € E°, and it remains to show this
expression is unique.

Suppose ¢ = Fi(¢/) = Fj(¢") for some i,j € %,, ¢,¢” € E°. First note that
by Lemma 1.2.4(a), G, = F;(G) and also G, = Fj(Ger). Thus, if i # j, we have
G. CT,NT; C V;O N Vjo. This is a contradiction, because G, is an uncountable set,
whereas V” NV is a finite set. Hence ¢« = j. In this case, we have Fj(¢/) = F(¢")

and it follows from injectivity that ¢’ = ¢” and the proof is complete. O

We now prove the converse result.

Lemma 1.2.9 Ife € E° i € %, then Fi(e) € E".
Proof: Suppose e = {z,y} € E°, i € ,. Clearly we have Fy(x), F;(y) € V" and also
Griwr C T by Lemma 1.2.4(a). Now, V"N T; = Ujes., VOV =V? Hence
Grwrm V" = Grang NV
= Fi(GzyN ‘70)
= F({z,y})
= {Fi@), E(y)},

where the third equality holds because e € E°. This means that Fj(z) and Fj(y) are

direct neighbours in V", which proves the lemma. 0

The identity we prove now will be particularly useful in proving the compatibility

of the sequence of resistance forms introduced in Section 1.4.

Lemma 1.2.10 Lete € E¥, ¢ € B!, i € %,,, j € ¥, then

Liryenced = Y Lr@ncan HnGmca.) - (1.14)

e”GEO

Proof: We prove only the result when £ =1 = 0 as the full result is easily deduced
from this case. Fix e,e¢’ € E°, i € ,,, j € &,.. First, note that if e, ¢? are distinct
edges in E° then, by the fineness of V°, we necessarily have #(GaNGe2) < 1. Hence
the uncountably infinite set Fj(G.) can not be contained in Go1 N G2 and so the
right-hand side of (1.14) is less than or equal to 1. Thus it will be sufficient to show
that F;;(G.) C G, if and only if

Fj(Ge) € Ger and F;(Ger) C G, for some e € E°.
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Since the <« implication is obvious, it remains to show =. To do this, write
e = {ey,e_} and consider the path from e, to e_ in V™ constructed similarly to the
path in the proof of Proposition 1.2.7. Denote this by e, = xg,..., T, = e_. Let
ey = Yo,..., Yy = e_ be the corresponding path in V. Since V™ C V™" this
construction immediately implies that for every [ € {1,...,n'}, Gy, ,,, € Gap |2
for some " € {1,...,m’'}. Thus, by the uniqueness of paths in T, if e" € E™*™ and
Gen C G, then there exists an e™ € E™ such that Gen € Gem C G..

Now suppose F;;(G.) € G.. By the previous paragraph and the two previous
lemmas, there exists ¢’ € EY, ¢/ € ¥, such that Fij(Ge) C Fy(Ger) C Ge. It i # 7,
then Fj;(G.) C V2N VY, which cannot be true, and so i’ = i. Hence F;(Ger) C G,
and by injectivity, we also have that F;(G.) C G, which completes the proof. [

Finally for this section, we prove a result about the paths on vertices of (V"),,>¢.

Lemma 1.2.11 [If z € Vo, Yy € V™, then we can find a sequence xg, ..., x,,, with
To=1T, Ty =y, {21_1, 71} € UpsoE™ forl e {1,...m}, and such that:

(1) forn' >n, {zi_1, 2} € E" for anyl e {1,...m},

(2) forn' <n, {x;_y, 2} € E" for at most N|E°| of the l € {1,...m}.

Proof: We shall proceed by induction on n. Clearly the assertion is true for n = 0.
Hence assume that n > 1 and the conclusion holds for elements of yrloIf Yy E ‘7”,
then y = Fi(y) for some y € V', i € ¥,_1. Now choose 3 € V° Note that
by Corollary 1.2.6, " € V' and so there exists a path v = yo, ...,y = y” with
length m/ < |E'| and edges {y,_1,y} € E'. Note that, Lemma 1.2.8 implies that
|E'| < NI|E°|. Hence Fj(yo),...,Fi(yn) is a path of length m’ < N|E°|. Also
by Lemma 1.2.8, for each I, we must have {y,_1,y;} = {Fj(e_), Fj(es)} for some
j €S, e E° and so {Fi(yi_1), Fi(y)} = {Fi;(e_), Fi;(e4)} € E", by Lemma 1.2.9.
This path starts at Fj(y) = y and ends at Fj(y”) € V"', Applying the inductive
hypothesis, the proof is complete. O

1.3 Height of a multiplicative cascade

The results that we obtain in this section about the height of a multiplicative cascade
will be useful in establishing various properties of the random fractal dendrite intro-
duced in the next section, but they are also of interest in their own right. Following
Theorem 1.3.6, we discuss the connection between our results and the classical results

about the extinction time of a Galton-Watson branching process.
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We will use the alphabet S and address spaces %, ¥, and ¥ defined at (1.2). We
define a multiplicative cascade to be a collection of random variables, (w(7))iex,\ (0},

which take values in (0, 1] and satisfy the following assumption. The N-tuples

(w(if))jes, i€ B\{0}, (1.15)

are independent copies of (w(j))jes. The multiplicative cascade has a naturally as-
sociated filtration, (F,),>0, defined by

Foi=o(w(i) : |1] <n). (1.16)

Furthermore, let ’
(i) = { Pnﬂw(””) iz i%ﬁ‘\{@}’ (1.17)
Models of this type have been studied extensively. In the case when (w(7));cs
are independent we have what is known as Mandelbrot’s multiplicative cascade, see
[46]. For further examples of work on such multiplicative cascades, see [24], [44], [45].
Unlike the focus of this section, much of the previous work on multiplicative cascades
has been targeted at determining properties of the limit of the martingale Z%(n),
which is introduced below, rather than the height of the cascade.

Throughout the arguments, we use the following function

$(0) = E (Zw(i)e) . 0>0. (1.18)
i€S

It is useful because it allows estimates to be made over moments of all the random

variables (w(7));es simultaneously. Note that ¢ is a decreasing, continuous function.

A simple result that is important in what follows is

¢(0) - > P(w(i)=1),  asf— oo (1.19)
ies
The function ¢ is also used as a scaling function in the following definition of the
so-called tree-martingale (this term was introduced in [24]) associated with our mul-
tiplicative cascade. Let
Dies, 1)’
G
It is straightforward to check that, for each 8 > 0, (Z%(n))n>0 is an (F,)n>0 martin-
gale. In particular, E (Z%(n)) = E (Z2°(0)) = 1.

Z%(n) = (1.20)

17



To generalise our cascade model, we introduce random perturbations of the [(7),
denoted by (X;);ex,. We assume that the X; are identically distributed non-negative

random variables satisfying the following conditions
E(X!) <00, Vd>0, (1.21)

X; L Fy, VieX., (1.22)

where 1 is taken to mean “is independent of”. The reason for the introduction of the
factors (X;)sex, will become apparent in later sections where perturbations with these
properties arise naturally in the construction of our random self-similar dendrite.
We can consider the cascade model as a weighted graph tree, rooted at () with
vertex set X, and edge set {{4,4|(|i]| —1)} : i € 2, \{0}}; where the edge {7,|(|i| —1)}
has length [(i)X;. For two vertices in X, we define the distance between them to
be the sum of edge lengths along the shortest path in the graph. This is indeed a
distance and allows the height, H, of the tree (the supremum of distances to the root)

to be written as
oo

H =sup Z 1(i]n) Xijp.

i€ Ty
Strictly, the sum should be from n = 1, but this definition will be more convenient
for our purposes.

The main result of this section is Theorem 1.3.4, a corollary of which gives a
relatively weak sufficient condition for the expected value of the height of our tree to
be finite. In Theorem 1.3.6, we deal with the unperturbed cascade and show that the
condition is necessary in this case. We start by estimating how fast [(i)X; decays as

|i| — 0.

Lemma 1.3.1 Suppose Y . ¢P(w(i) =1) <1 and d > 1, then

(i) there exist constants c11, 1.2 such that

d
E <<sup l(i)Xi) ) < e, Vn > 0.
€5,

(ii) P-a.s., there exist constants c;3, ¢4 such that

i€S

sup (1) X; < ¢1.3e” 4", Vn > 0.
€S

Proof: To prove (i) we first look for bounds on the tail of the distribution of
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sup;cy, (i) X;. Using the definition of Z?(n), Markov’s inequality and the indepen-
dence assumption of the X;s we obtain, for 6 > 0,
P (sup 1) X; > A) < P I6)X!) =N
i€3n €S,

< ME(X{)E (Z°(n) o(0)"

= A E(X]) (o). (1.23)
The condition ), ¢ P(w(i) = 1) < 1 and (1.19) imply that we can find 6, > d large
enough so that ¢(6y) < 1. Set x := || Xplls, (< 00 by assumption) and define

A i= 2d(0p) %,

which is less than 1 for n > ng for some ng > 0. Assume for now that n > ng
and § = 0y. For A > \,, the upper bound at (1.23) is < 1 and so is non-trivial.
For A < \,, we merely use the fact that we are trying to bound a probability, i.e.
P(sup;ey, (1) X; > A) < 1. We apply these estimates to bound the moments of

sup;ey,, 1(2)X; as follows:

d S
E <<Sup l(z’)Xl) ) = d/ AP (Sup 1(1)X; > A) d\
1€EX, 0 1€EX,

An 0o
< d / NN+ d / A4=1700290 5 (9) " d
0 n

%0, dn
E )
90 — dQS(QO)

Hence taking ¢; 5 = —% In ¢(6y) and ¢ ;1 suitably large gives us part (i) of the lemma.

To prove (ii) we again look to bound the tail probability of sup,cs, 1(7)X;. We
proceed as above to obtain the bound
P (Sup 1(1)X; > )\”) < AE (X)) ¢(0)".
i€y,

If we fix § = 6y we can find a Ao € (0,1) such that \;?¢(6y) < 1, and so

Y P (Sup 1(1)X; > Xg) <E (X)) (A%0(0)" < cc.

n= i€%n n=0

An application of the Borel-Cantelli lemma then gives us part (ii) of the lemma. O

In the lines of the argument leading up to (1.23) we use the fact that [(7)? X? <
ZjeEn l(j)eXf , which may seem rather crude. However, we show in the following
proposition that if P(w(i) = 0) = 0, for each 4, then the /(i) cannot decay quicker

than exponentially.
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Proposition 1.3.2 Suppose Y ..o P(w(i) = 1) < 1 and that P(w(i) = 0) = 0, for
every 1 € S. There exist constants 011,012 such that, P-a.s., given € > 0, there exist

constants cy5, . .., C18 satisfying

01,56_(01-1“)” < 'inEf (i) < 01_66_(91'1_6)”, Vn >0,
1€ n

and

core Bt < sup I(i) < cpge” @29 0 >0,
1€

(n)
at time n, then the zi(n) form a branching random walk. Similarly, we may define a
() ._

branching walk by setting z; ' := —In{(i). The results are an immediate application

Proof: If we define ;" :=Inl(7), i € 3, to be the positions of a collection of particles

of the results deduced in [15] to these branching random walks. O

Remark 1.1 In general we find that 611 > 615. When this occurs, this result tells
us that the variation of the relative branch size grows exponentially with the level of
the tree.

In the proof of the main result of this section, Theorem 1.3.4, we apply the fol-

lowing elementary lemma, which we state without proof.

Lemma 1.3.3 Let (z,)n>0 be a sequence of non-negative real numbers, then

oo d oo
n=0

n=0

where

g \d-1
Ky = { (ZZ":O(l +n)‘ﬂ) ifd>1
1 ifd=1.

Theorem 1.3.4 Let ), (P(w(i) =1) <1 and d > 0, then

E <i sup l(i)Xi> < 00.

5 i€sn

Proof: For d > 1, applying Lemmas 1.3.1 and 1.3.3 yields

E <Z Selep l(i)Xi> < KJE (Z (sellzp l(i)Xi) (1+ n)d)

n=0

[e.9]

< Cl.le Z(l + n)de—c142n’
n=0
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which is clearly finite. The result for d € [0,1) follows from the case when d = 1 by
applying the inequality ¢ < 1 + 2, which holds for all z > 0. U

Corollary 1.3.5 Let Y., ¢P(w(i) =1) <1 and d > 0, then E(H?) < oo
Proof: This follows from Theorem 1.3.4 on noting that

—sule i|n) Xin <Zsupl

IEX z €Xn

O

In the final result of this section, we show how for unperturbed cascades the

condition ), ¢ P(w(i) = 1) < 1 is also necessary for finite moments of H.

Theorem 1.3.6 Assume X; =1, Vi € 3, then
(a) if ;e Pw(i) =1) <1, EH? < o0, Vd € R.
(b) if ¥pes P(w(i) = 1) = 1, EH = .
(c)if Y csPw(i) =1) > 1, P(H = 00) > 0.
Proof: Assume ) . P(w(i) = 1) < 1. Clearly, if X; = 1, Vi € %,, then (X})esx,
satisfies the conditions that enable us to apply the previous results of the section.
Hence, if d > 0, E(H?) < oo follows from Corollary 1.3.5. We note that, because
[(0) =1, H > 1. Hence, for d < 0, E(H?) <1 < co. Thus part (a) holds.

To prove the remaining parts of the theorem, we use a Galton-Watson branching
process related to our tree, which we now define. Given (w(%))iex,\ (0}, let

(i) == { (1) it w(i) = 1,

otherwise,

and
li

3
—

It is then easy to check that if

then (Z,)n>0 is a Galton-Watson process. Importantly, if Z,, > 0 then we must have
1(i) = 1 for some i € %, and so I(ijm) = 1 for 1 < m < n. Consequently, H > n.
This means we can use known results about the extinction of the Galton-Watson

process to infer results about H.

21



A simple calculation yields that the expected number of offspring for this Galton-
Watson process is equal to EZ; = Y. ¢ P(w(i) = 1). Hence, if ), (P(w(i) = 1)
is strictly greater than one, then the branching process is supercritical and survives
with positive probability (see [8], Theorem I-5.1). This implies that P(H = o) > 0,
which proves (c).

Assume now EZ; = >, _«P(w(i) = 1) = 1. From [8], Theorem 1-9.1, it follows

that, if € > 0, then
1

n (% +e)
for n > ng for some ny > 0, and where 02 = VarZ;. Note that 02> < N < oco. If X

is the extinction time of our Galton-Watson process then we have H > X and also
{X >n}={Z, >0} and so

P (Z,>0) > (1.24)

oo oo oo 1
EH>EX=) P(X>n) =) P(Z,>0> ) —r—.
n=0 n=0 n=ng n (7 + Z.:)
The proof of (b) is completed on noting that this sum is infinite. O

Remark 1.2 By defining an associated multiplicative cascade, we may recover the
result that a sub-critical Galton-Watson branching process with bounded offspring
distribution becomes extinct, P-a.s. Let (Zn>n20 be a Galton-Watson process with
offspring distribution Z, satisfying EZ; < 1. Assume Zy < N, P-a.s., and define
pni=P(Zy =n) and S :={1,...,N}. We can then define a multiplicative cascade

such that
Pw(l)=---=wim)=1Lwm+1)=---=w(N)=0) = ppn,

and also (Z,)n>0 to be a Galton-Watson process as in the proof of the above theorem.
It is clear that (Zy,)n>0 < (Zn)ns0. We also have

N N N ~
ZP(w(z’) =1)= Z me = ann =EZ.
i€S n=1 m=n n=0

Since EZy < 1, we have Y, ¢ P(w(i) = 1) < 1, and so EH < co. It follows that the

process (Zy)n>0 eventually becomes extinct, P-a.s.

Remark 1.3 At criticality, the Galton-Watson process exhibits two distinct types

of behaviour. First, there is the trivial case when N = 1, P-a.s., and in this
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case, the process survives. This corresponds to a multiplicative cascade that satis-
fies Y .o P(w(i) = 1) = 1 and P(sup;cqw(i) = 1) = 1. In this case H = oo, P-a.s.
In the non-trivial case, P(N = 1) < 1, the Galton-Watson process becomes extinct
with probability 1. Hence, using the construction in Remark 1.2, we can find a mul-
tiplicative cascade with ), ¢ P(w(i) = 1) = 1 and H < oo, P-a.s. The problem of

whether H < oo in the general non-trivial case is left open.

Remark 1.4 If N = oo, there exist random variables (w(i));es that satisfy the con-
ditions ), s P(w(i) = 1) < 1 and also sup;egw(i) = 1, P-a.s. In this case we have

H = o0, and so the conclusion of the theorem does not hold in general when N = oo.

Remark 1.5 The condition w(i) € [0,1], P-a.s., is not essential. It is an elementary
probability exercise to show that, if (w(i));es are independent, identically-distributed
uniform [0, z] random variables and |S| > 2, then to first order in |S|™" we have

1 1
1+ —— <sup{z: P(H<o0)=1} <1+ —.
|Sle B

1.4 Random p.c.f.s.s. dendrite construction

In this section we construct a random resistance metric and Dirichlet form on the
p.c.f.s.s. dendrite T. We take as a starting point the existence of a Dirichlet form
on (V9 E%) which is invariant under a renormalisation analogous to that used in the

definition of a harmonic structure in Section 1.1. In particular, define D by
D(f.f) =) Helf(ex) = fleo))?,  Vfe OV, (1.25)
€€E~0

where H, > 0 for every e € E,, and we write e = {e,,e_}. Let r := (1;)ieg, 71 > 0,
be a set of scaling factors. Using the terminology of Section 1.1, we shall say (D, r)

is a harmonic structure if
_ Til{F(G,)CGe) ~
i =Y Y HRORE) e ¢ £ 1.2
e . - He/ ? € ? ( 6)
i€S ¢/ O

and that it is regular if 0 < r; < 1 for every ¢ € S. This will be consistent with
our previous understanding of the term regular harmonic structure in that it will

allow the construction of a compatible sequence of Dirichlet forms on (\N/”)nzo using
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a similar procedure to the non-random case. From now on, we assume a regular
harmonic structure (D, r) exists on 7.

In our Dirichlet form construction, rather than rescaling simply using the de-
terministic scale factors r;, we use random scaling factors (w(¢));ex.\qgy Which are
assumed to satisfy the properties of a multiplicative cascade, as introduced in Sec-
tion 1.3. Specifically, this means that the w(i) are (0,1] random variables satisfying
the distributional assumption stated at (1.15). Whilst these are the only a priori
assumptions we make on the (w(7));ex,\ (0}, we shall also have cause to use the follow-
ing assumptions. For clarity, we will explicitly state when we require these further

restrictions.

Assumption (W1): The ezpected values of the random scaling factors are equal
to the deterministic scaling factors of the reqular harmonic structure (D,r). i.e.
Ew(i) =r; for alli € S.

Assumption (W2): The random variables (w(1));es have a distribution which does

not place too much mass at one. In particular, ) . o P(w(i) = 1) < 1.

Assumption (W3a): The random variables (w(i));cs are bounded away from zero.
Specifically, there ezists an € > 0 such that P(w(i) > ¢€) =1, for alli € S.

Assumption (W3b): The random wvariables (w(i));es are independent and their
distributions satisfy the following tail condition. If p € (0,1), there ezists a constant
e > 0, such that

Pw(i) <er|w(i) <z)<p, Vre(01],ies.

Assumption (W4): The random variables (w(i))ics are bounded away from one.
Specifically, there exists an n < 1 such that P(w(i) <n) =1, foralli € S.

Although we would like to simply replace the scaling factors r; with the random
variables w(7) in a formula similar to (1.4), a sequence of forms defined in this way
will not be compatible in general and taking limits will no longer be straightforward.

To deal with the this problem, we introduce the random variables

VH.1 _
—1im 3 1(ij) {F (Ge )CG}, Vee B iex,,  (1.27)

JEXn /e EO

which we shall term resistance perturbations. The questions of convergence and dis-

tribution of (Rf).czo ey, may be answered in terms of the random scaling factors
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(w(i))ies by means of multiplicative cascade or multi-type branching random walk
arguments, but we postpone the discussion of this until Section 1.6. For now, we sim-
ply state the properties that we will need to prove the results of this and subsequent

sections.

Assumption (R1): P-a.s., the limit at (1.27) exists and moreover, RS € (0,00) for
all e € EO, 1€ 2.

Assumption (R2): The resistance perturbations have finite positive moments of all
orders. i.e. E ((R)?) < oo for all e € E° iex,, d>0.

Assumption (R3): The resistance perturbations have finite negative moments of
some order. i.e. There exists a 3 > 0 such that E ((Rf)_ﬁ) < oo for all e € EY,
(RSN

In the following lemma we derive a decomposition for the random variables I which
will be useful in proving the compatibility of the sequence of resistance forms that
we introduce shortly. We also show that in the deterministic case w(i) = r;, for all
i € 3,\{0}, the assumption at (1.26) implies that Rf = 1, and so the assumptions
(R1), (R2) and (R3) clearly hold.

Lemma 1.4.1
(a) Assume (R1). P-a.s., for each e € E°, i € ¥,, the resistance perturbations satisfy

Z Z I(ij)H. 1{F (G CGE}RZJ

e
JE€Xn ¢ EEQ

(b) In the case w(i) = 1y, for all i € X\{0}, we have R = 1, for every e € E°,
1€ Dy

Proof: For n > 0, define the random variables

(i Hl -
= Z 7) {F )g’e}, Vee B%ie %, (1.28)

JE€Zn ' e EO

so that R$(n) — RS as n — oo, P-a.s. Applying this definition and the identity of

Lemma 1.2.10, we obtain

RS(n+m) Z Z Z wk Z Lipc.hca iy LiFGcc.)

JEZn k€Xm e/ EO e'cEO
I(ij)H, 1{F G.1)CGe) I(ijk) H”l{Fk( CG.n)
J€Xn e B0 k€Xm o' e EO
B Z Z I(ij)H. 1{F (G1)CGCe }R”( )
)He”
JEZn e EO
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Letting m — oo we get part (a) of the lemma. Now assume that w(i) = ry, for all
i€ X, \{0}. Letting m =1 in (1.29), we find that

Re n+ 1 Z Z ( H l{l;l(ci m)EGe} Z Z riHe ”1{Fk G.)CG, N}

JEXn et FO k€S /e FO

However, the renormalisation property (1.26) implies that the two innermost sums
(those over k and €’) contribute exactly 1 for each j € ¥,,, €” € EP. Thus we observe
that RS (n + 1) = R$(n) for every n > 0. Since R$(0) = 1, the result follows. O

Given the random scaling factors, (w(%));ex,\ (0}, and resistance perturbations sat-
isfying (R1), we can define a sequence of resistance forms on the sequence of vertex
sets, (V™)0. Similarly to (1.4), let

Zl i(f5 fi), - VFeom),

JEXR

where [(j) is defined by (1.17), and D is the perturbed version of D given by

H,
Di(f.f) = pelfles) = fle))?
EEE() J
In the next lemma we show that this definition gives us a compatible sequence of

resistance forms, and the only assumption we need for the proof of this is (R1).

Theorem 1.4.2 Under the assumption (R1), the sequence {(V",E™)}nso is a com-
patible sequence, P-a.s.

Proof: Since (R1) holds, we can assume that R € (0,00) for every i € X,
e € E° Now, by Lemma 1.2.9, for j € %,, ¢ € E° we have Fj(¢/) € E,
and furthermore, Lemma 1.2.8 tells us this representation is unique. Thus we have

Y ecin 1¢r;c.)=c.1 = 1. Consequently, we can write

ern=Y 13X He’l{F (G SSED ) (Fley) — flen))?, (1.30)

ecEn \J€Xn ¢/eE0

and moreover, for each e € E™, we know exactly one term in the internal double sum
has a strictly positive contribution. Hence the related electrical network on V" can
only have strictly positive conductances on the edges of E". Now, fix e € E™. Using
the fact that (V™, E™) is a graph tree (Lemma 1.2.7), if e = Fj(¢/) for ¢’ € E°, j € %,
then it also follows from (1.30) that

R(n)(6+,6_> = d ’ (131)



where R™ is the resistance metric associated with £" by (1.8). Similarly, define
R™ to be the resistance metric associated with £**'. Since (V" E"*) is a

graph tree, R""*Y is additive along paths. In particular, we have

Rt (epes) = ), ROV, e )lgcan

e'eEntl

.S Z Rl{F Gu)SGe}

JEYn+1 e/ € EO

From this and the identity of Lemma 1.2.10, it follows that

R, e) = Y Y (k) R mc /5%//}1{&(04/)@@6}

JEXn kES ¢ EEO e’ e O

_ Z Z R 1{F G.)CGe}

]ezn e GEO

which may be seen to be equal to R™ (e, e_) by applying again the uniqueness
of the representation of edges in E™. Note also that to obtain the second equality
we have used the resistance perturbation decomposition of Lemma 1.4.1(a). Hence
R"+D) = R on V™. By [39], Corollary 2.1.13, this is sufficient for the compatibility
of &* and £"*!, and so the proof is complete. O

We can now write down a resistance form on the countable set V* as the limit of
the compatible sequence of resistance forms on V. When the sequence (E™)n>0 18
defined, set

E(f,f) = lim E"(f,f), VfeF
where

Fl={feCciV): lim £7(f, f) < oo}.

Note that, by the compatibility of the sequence of resistance forms, the sequence

(E™(f, f))n>0 is increasing in n and so it always has a limit in [0, co].

Lemma 1.4.3 Under the assumption (R1), (', F') is a resistance form on V*, P-
a.s.

Proof: From the previous lemma we have that {(V",£")},0 is compatible, P-a.s.
This allows us to apply [39], Theorem 2.2.6, to deduce the result. O

As described at (1.8), naturally associated with a resistance form is a resistance

metric. We shall denote by R’ the resistance metric associated with (€', F’) when

27



this is defined. To extend our resistance form to a resistance form on the whole of T’
it will be necessary to show that T is the completion of V* with respect to the metric
R’. Before demonstrating that this is the case, we prove some preliminary results
about the diameter of sets of the form (V;*);cy, in the metric R’. Throughout the
remainder of the chapter, for a subset A of a metric space (X, d), we shall denote the
diameter of A by

diamgA := sup{d(z,y) : =,y € A}.

In the proof of the next result, we will also use the notation
Ri:=>» R, Vi€X.
ecEO

Note that the random variables (R;);cx, are identically distributed.

Lemma 1.4.4 If we assume (W2), (R1) and (R2), then E((diampV*)?) < oo, for
all d > 0.

Proof: Let 2 € V* and y € V. Necessarily, z € V" for some n > 0. Using the
description of paths in V* that was proved in Lemma 1.2.11, we find that

R(r,y) < NIE'| Y swp Rey,e0)
m=0 ecEm
From the expression that was given at (1.31) for the resistance along an edge in E™,

we obtain from this that

diamR/\N/* S

a1 oo
QNAE ’;)fég (i) R;, (1.32)
where H, := min{H, : e € E°}. Note that, if 7, is the filtration introduced at (1.16),
then it is clear from the definition that, for each 7 € ¥,, R is independent of Fj;
for each e. Hence so is R;. By assumption (R2), R; has finite positive moments of
all orders. Thus the expression on the right-hand side of (1.32) is the multiplicative
cascade quantity considered in Theorem 1.3.4, where the multiplicative cascade is
defined by (w())iex.\(oy, and the perturbations, (R;)icx,, satisfy the assumptions
of (1.21) and (1.22). Since (W2) holds, Theorem 1.3.4 tells us that this has finite

positive moments of all orders. [l

We now introduce random variables (IW;);es, to represent the normalised diame-
ters of the sets (V/*);esx.. Set

2
_ diamp/ V"

W; = Ta
28
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whenever the resistance metric R’ is defined. In the next lemma we show that these
random variables satisfy the assumptions placed on the perturbations of a multiplica-

tive cascade in Section 1.3.

Lemma 1.4.5 Assume (W2), (R1) and (R2). The random variables (W,);es, are
identically distributed, non-negative and satisfy, for all v € 3, d >0,

E(WH) < oo, and W; L Fy.

Proof: We have

[())W; = sup sup R'(z,y)

n $7y€f/in

()R,
= sup sup Z Z (‘7) J {E(Ge)ngy},

n n . .
xvye‘/i ]EEn+\7L\ GEEO

where we have used the description of edges in E"til from Lemma 1.2.8, and the
expression for the resistance along an edge from (1.31). If z,y € V*, then z =
Fi(2)), y = Fy(y/) for some 2/,y/ € V", and Gy = Fi(Gyy), by Lemma 1.2.4(a).
Consequently, for j € X,;|, F;(G.) C Gy if and only if j||i| = i. From the injectivity
of F;, it follows that

UWij) R ry 6. ca,
W; = sup sup Z Z Jl(z{)h(f JECa}

zyevn JEZn ec EO

As noted in the proof of Lemma 1.4.4, R;; is independent of JF;;, and so we certainly
have that R;; is independent of Fj;, because F; C Fj;;. Also, [(ij)/l(i) is clearly
independent of F;. Thus W; L Fj;.

Using the similarity of the distributions of (w(ij)),es, for ¢ € 3, it may be

deduced from the above expression for W; that

R 1 .
WL sup sup 3 30 ORI gy a1

n zyEV JETn ec FO

Hence the (W;);ex, are identically distributed, non-negative random variables and,

by Lemma 1.4.4, have finite positive moments of all orders. 0

It is now easy to show that the diameters of the sets (V;);ex, decrease to 0 uni-

formly as |i|] — oo.
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Lemma 1.4.6 Under the assumptions (W2), (R1) and (R2), we have

sup diamp V;* — 0, P-a.s.
1€3,

Proof: This result is an immediate corollary of Lemma 1.4.5 and the corresponding

multiplicative cascade result, Lemma 1.3.1(ii). O

This uniform decay of the diameter of the sets (7});ex, allows us to extend the
definition of R’ to the whole of T'. Recall that 7" is the closure of V* with respect to
the original metric, d. Hence, for any =,y € T, there exist sequences () nen, (Yn)nen

in V* with d(x,,z) — 0 and d(y,,y) — 0. Define

R(z,y) = lim R'(zn,yn).

n—oo

Before proceeding with the proof of Proposition 1.4.8, in which we show that this is

a sensible definition for R, we introduce some further notation. For x € T,
To(z) = JTi: i €%, z € T}, (1.33)

To(x) = JTi: i € B0, TiNTo(x) # 0}, (1.34)

We will also apply the following result of [39], Proposition 1.3.6.

Lemma 1.4.7 (T,,(x))nen forms a base of neighbourhoods of x, with respect to the

original metric, d.

Proposition 1.4.8 Assume (W2), (R1) and (R2). R is a well-defined metric on T,
topologically equivalent to the original metric, P-a.s.

Proof: Under the assumptions of the lemma, the argument that we give holds P-a.s.
Let 2,5 € T and suppose there exist, for m = 1,2, sequences (™) and (y™) in V*
such that d(z]?, ) — 0 and d(y)"',y) — 0. Fix ¢ > 0. By Lemma 1.4.6, we can choose
no > 0 such that sup,cy, diampg V* < /4, for every n > ng. Furthermore, we can use
the convergence of the sequences and Lemma 1.4.7 to show that there exists n; > ng
such that 27 € T,,,(x), y* € T,,,(y), for m = 1,2 and n > n;. Thus

R (@, yn) = R (2, y)| < R (2, 230) + R (. y0) <&,

n’

for m = 1,2 and n,n’ > n;. Taking m = 1, this implies that (R(z},y})).>0 is a
Cauchy sequence and has a limit. Taking m = 2, n’ = n, this implies that the limit is

unique and so the function R is well-defined on 7" x T'. It follows immediately from
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the fact that R’ is a metric on V* that R is positive, symmetric and satisfies the
triangle inequality. To prove R is a metric on 7', it remains to show that R(x,y) = 0
implies that 2 = y. We shall prove the stronger claim that R(x,,y) — 0 implies that
d(xp,,y) — 0.

Suppose (Z,)n>0 i a sequence in T with R(x,,y) — 0 for some y € T. Let
d € (0,1) be the largest of the contraction ratios of (F});cs, define ¢19 := diam,T,
fix £ > 0, and choose ng such that 2¢; 0™ < e. For z & T, (y), we must have that
z €T, y€T; for some i,j € X, with T, N T; = (. For any 2’ € Ve oy € ‘N/j*, using
the additivity along paths of the metric R and the fact that the sets (T))kesx,, only
intersect at vertices of V™ it is possible to show that

R(Z',y)=R(7,y) > inf R'(ey,e_)=:ci10-
e€Emo

It follows that R(z,y) > ¢110. Since ¢1.19 > 0 and R(z,,y) — 0, there exists an n4
such that R(z,,y) < c1.10, for all n > ny. Consequently, z, € Tno (y) for n > ny.
By our choice of ng, this implies that d(x,,y) < 2c190™ < ¢, for n > ny. Hence
d(zn,y) — 0.

To prove the equivalence of the metrics, it remains to show that, for all sequences
(Tn)nen in T with d(z,, ) — 0 for some x € T, we have R(z,,z) — 0. We note that

if y € T, then there exists a sequence (Y, )nen in ‘71* with d(y,,y) — 0. Consequently,

diampT; = sup R(z,y) = sup R'(z,y) = diamp V}". (1.35)

2,yeT; eV
Applying this fact and Lemma 1.4.6, we have that, given ¢ > 0, there exists an ng
such that sup;cy, diampgT; <. By Lemma 1.4.7, we have that x,, € T;,,(2), Vn 2 ny,
for some ny. It follows that R(z,,z) < ¢, for all n > n;, and so R(x,,z) — 0 as
desired. O

The following result is a simple but important consequence of this proposition.

Proposition 1.4.9 Assume (W2), (R1) and (R2). The metric space (T, R) is the

completion of (f/*, R'), P-a.s.

Proof: Recall from Section 1.2 that V* is dense in (T, d). By the previous result, the

topologies induced by R and d are the same, P-a.s. Hence V* is dense in (T, R) and

trivially, we also have that (V* R') is isometric to (V*, R), P-a.s. The result follows.
O
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This result allows us to extend the resistance form (€', F’) to the whole of T
Define £ and F from (£, F'), when they are defined, by the formulae (1.9) and

(1.10), exactly as in the deterministic case.

Theorem 1.4.10 Assume (W2), (R1) and (R2). (£,F) is a resistance form on T
and has associated resistance metric R, P-a.s.

Proof: The fact that (T, R) is the completion of (f/*, R'), P-a.s. allows us to apply
[39], Theorem 2.3.10, to obtain the result. O

We have now constructed a random self-similar dendrite (7, R). Furthermore,
because T is a dendrite, it is elementary to check that R must be a shortest path
metric (additive along paths). To complete this section we show that the quadratic
form (&€, F) is actually Dirichlet form for any Borel measure on (7', R) which charges
non-empty open sets. To do so, we will apply the following inequality, which is easily

verified from the definition of the resistance metric,

1f(z) = fWI? < Rz, )E(f, f), VNz,yeT, VfeF. (1.36)

Before proceeding with the final theorem of this section, we state a result which was

proved by Kigami.

Theorem 1.4.11 ([38], Theorem 5.4). Let K be a dendrite and let d be a shortest
path metric on K. Suppose (K,d) is locally compact and complete, then (€, F N
L*(K,v)), where (E,F) is the finite resistance form associated with (K,d), is an
irreducible, conservative, local, regular Dirichlet form on L*(K,v) for any o-finite

Borel measure v on K that charges every non-empty open set A C K.

Theorem 1.4.12 Assume (W2), (R1) and (R2). If i is a (possibly random) finite
Borel measure on (T, R) which charges every non-empty open subset of T', P-a.s.,
then (€, F) is an irreducible, conservative, local, reqular Dirichlet form on L*(T, ),
P-a.s.

Proof: This result will clearly follow from Theorems 1.4.10 and 1.4.11 if we can
show that F C L*(T, 1), P-a.s. When T is compact and y is a finite Borel measure,
which is the case P-a.s., we have that C(T') C L*(T, u1). Since the inequality at (1.36)
implies that F C C(T), P-a.s., the proof is complete. O
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1.5 Random p.c.f.s.s. dendrite properties

We collect in this section several properties of the random resistance metric and
Dirichlet form we have constructed. Some of the results are of interest in their own
right, whereas others will be useful in proving Hausdorff dimension and measure
results for 7. To prove an upper bound for the Hausdorff dimension of (T, R), we
will require knowledge of the diameter of (7', R) and subsets of the form T;, i € %,.
We start by presenting some preliminary results regarding these random variables
that are simple extensions of the corresponding results for diamp V* proved in the

previous section.

Lemma 1.5.1 If we assume (W2), (R1) and (R2), then

(a) W; = (1)~ tdiampgT;, for all i € 3., P-a.s.

(b) E((diamgT)?) < oo, for all d > 0.

(c) supjey, diamgpT; — 0, P-a.s.

Proof: Observe from (1.35) that under the assumptions of this lemma, diamg7; =
diamp V7, P-a.s. The assertions follow immediately from this fact and the definition

of (Wy)ies,, Lemma 1.4.4 and Lemma 1.4.6, respectively. O

On a deterministic p.c.f.s.s. set, the Dirichlet form that is constructed has a strict
self-similarity, see [39], Proposition 3.3.1. In the next proposition we show that the

random Dirichlet form we have constructed satisfies a similar stochastic self-similarity.

Proposition 1.5.2 Assume (W2), (RZ) and (R2). P-a.s., for n >0,

Z o G f) VIEF, (1.37)

(IS
where &;, 1 € X, are independent copies of £, and are also independent of F,,.
Proof: Define for 7 € ¥,, n > 0,

=y l Dij(f5, 1), ¥fe (V™).

JEXA
By relabelling, we can repeat the arguments of Section 1.4 to obtain a resistance form
(&, F;) which is a limit of this sequence, P-a.s. By definition, for f € C(V"+m),

gner(f:f) = Z Z Z Re f’lj ey) fij(ef))Q

1€X, ]EE

=Z le (i i)
= Z—sm (fir f3)-

1€,
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Taking the limit m — oo implies the identity at (1.37). It is easy to check that £™ is
statistically identical to €™ for each i, and that the sequences (€]")m>0, © € Xy, are

defined from collections of random variables that are independent of each other and

of Fj;, which completes the proof. O

In the final result of this section we prove two analytic properties of the form
(E,F). Part (a) is the statement that the form we have constructed satisfies a
Poincaré inequality. Part (b) implies that the Markov process naturally associated
with (€, F) hits points of the dendrite, P-a.s.

Proposition 1.5.3 If we assume (W2), (R1) and (R2), then
(a) P-a.s., there exists a constant c111 such that, if p is a Borel probability measure

on (T, R), then

2
Var, f = /T Py — < /T fdu> <anélf.f), VfeF.

(b) P-a.s., all non-empty subsets of T have strictly positive capacity with respect to the
Dirichlet form (€, F) on L*(T, ), where p is a Borel probability measure on (T, R)
which charges every non-empty open set.
Proof: Part (a) may be proved in exactly the same way as Proposition 7.16 of [9].
We only need to use the fact that diamg7T < oo, P-a.s., which follows from Lemma
1.5.1(b).

Suppose that we are able to construct the Dirichlet form, (€, F). By Lemma 3.2.2

of [27], if v is a positive Radon measure on T" with finite energy integral, i.e.,

2
(/ \f|dV) < cri2 (5(f7f)+/f2dﬂ>, VfeF,
T T

for some finite constant c; 12, then v charges no set of zero capacity. Hence, by
monotonicity, it is sufficient to show that ¢, has finite energy integral for any = € T,
where J, is the probability measure putting all its mass at the point z. For any
x,y €T,

2
([15108.) = s < 2061 - 1000 + 27000 1.3%)
T
Applying the bound at (1.36), and integrating (1.38) with respect to y gives

2
(/ ]f\d(5x> < 2diamgTE(f, f) + 2/ fdu,
T T

which completes the proof of (b), because diamgT is finite, P-a.s. O
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Remark 1.6 One reason for establishing a Poincaré inequality for the form (€, F)
1s that it provides a lower bound for the associated spectral gap, A\, say. One way of
defining this quantity is as the infimum of E(f, f)/Var,f over functions in F with
non-zero j-variance. In our case, it is possible to take c111 = %diamRT in part (a)
of the previous lemma. Hence the above result implies that, P-a.s.,

diampgT

1.6 Resistance perturbations and scaling factors

Although we state many of the results in this chapter in terms of the conditions on the
resistance perturbations, it is preferable to reduce these to conditions on the scaling
factor distributions alone, and that is the aim of the discussion in this section.

We start by presenting a condition which eliminates the need for resistance per-
turbations by fixing them to be identically equal to 1. Define the |E°| x | E°| random

matrix M = (Meer), o DY

w(i)HelirG)ca.)
Mee! = Z He/ , (139)

ies
and consider the following assumption on M, which implies that the resistance per-

turbations are non-random, see Lemma 1.6.1.

Assumption (M): P-a.s., the matriz M is stochastic.

Lemma 1.6.1 Under the assumption (M), RS = 1, for every e € E° iex,.
Proof: This may be proved using an argument similar to the deterministic case which
was part (b) of Lemma 1.4.1. O

This has the following obvious corollary.
Corollary 1.6.2 If assumption (M) holds, then so does (R1), (R2) and (R3).

What Lemma 1.6.1 means is that if each N-tuple of scaling factors, (w(ij)),es, is

for each i € X, selected randomly from the space

{r: (D,r) is a harmonic structure. 0 <1; <1, i € S}, (1.40)

35



where D is the quadratic form defined by (H.).cz0 at (1.25), then there is an in-
built consistency to the inductively defined sequence (£"),>0, and we do not need to
introduce random resistance perturbations to achieve compatibility. In Section 1.11,
we give examples of when the collection of r contained in the set at (1.40) consists
of more than one element (and indeed may be multi-dimensional) and show that
random Dirichlet forms constructed from scaling factors satisfying the assumption
(M) actually do exist.

The most complete results about the resistance perturbations that we are able to
prove are when |V9| = 2, or equivalently, when there is exactly one edge in E° In
this case, the resistance perturbations are precisely limits of tree-martingales, about
which much is known. By applying the results of this area of probability theory, we
are able to obtain relatively mild sufficient conditions for the assumptions (R1), (R2)
and (R3) to hold. We start by showing that (W1) implies the conditions (R1) and
(R2) in this case. Since there is only one e € E°, we will drop the superscripts from
the R¢ for the proofs of results with [V = 2.

Proposition 1.6.3 Suppose |V°| = 2. If assumption (W1) holds, then so does (R1)
and (R2).

Proof: We first check that the limit defining R; exists. Let i € 3, and define R;(n)
as at (1.28). Under (W1), it is straightforward to use the renormalisation property

of an harmonic form, (1.26), to deduce that
E(Ri(n 4 1)|Flij4n) = Ri(n), P-as.,

where (F,)n>0 is the filtration defined at (1.16). Hence (R;(n))n>0 is an (Fij4n)n>0
martingale and ER;(n) = 1. Thus R; := lim,, ., R;(n) exists P-a.s. by the almost-
sure martingale convergence theorem and, moreover, ER; € [0, 1]. To prove that (R1)
holds, it remains to demonstrate that R; is non-zero, P-a.s.

Applying the decomposition of R; from Lemma 1.4.1(a) and noting that the scaling

factors are non-zero by assumption, we find that

P(R;=0) = P (Zw(ij)l{Fj(Ge)gGe}Rij = 0>

jES
= P (lm)ceaRi; =0, Y5 €S5)
= PR = 0)#{J'ZFj(Ge)§Ge}

)

where we have used the fact that (R;;)jes are independent copies of R;, and e is the

only edge in E°. Now, e.,e_ € V! and so decomposing the path from e to e_ in T as
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in the proof of Lemma 1.2.7, we can show that G, = G, U--- UG, , where eq,..., e,
are distinct edges E'. Suppose that there is only one such edge, so that G, = Ge,.
By Lemma 1.2.8, e; = Fj(e) for some j € S. Hence we must have e = Fj(e). This
implies that the contraction ratio of Fj is greater than or equal to 1, which is not
true by assumption. Consequently, #{j : F;(G.) € G.} > 1, and we must have
P(R;, =0) € {0,1}.

The proof that (R1) holds may be completed by checking the conditions of [44],
Theorem 2.0, to show that R;(n) actually converges in mean to R; and so ER; = 1.
Hence P(R; = 0) = 0. That R; has finite positive moments of all orders, i.e. (R2)
holds, is also a consequence of [44], Theorem 2.0, under the assumptions that we have

made on the scaling factors. 0

The right tail of the distribution of a tree-martingale limit has been considered
by various authors, including Liu, who proves in [44], Theorem 2.1, a widely appli-
cable result demonstrating exponential tails. However, in proving that the resistance
perturbations have negative moments, (R3), we need some information about the tail
of the distribution at zero, which, to the author’s knowledge, has not been studied
previously when the scaling factors are not bounded away from zero. Under the as-
sumption that the scaling factors are independent and have finite negative moments
of some order, we are able to show that the distribution of the tree-martingale limit
also has exponential tails at zero, see Lemma 1.6.5. To prove this result we apply a
result of Barlow and Bass, [10], which allows a polynomial estimate for a distribution
function to be improved to an exponential one under suitable conditions. We start

by proving the polynomial bound we need to apply this result.

Lemma 1.6.4 Suppose |[V°| =2 and (W1) holds. Fiz 3 >0, € € (0,1). Then there

exists a constant c; 13 such that

P(Ry < z) < e+ cpi32”, Yz > 0.

Proof: Fix § > 0,e € (0,1). By Proposition 1.6.3, the resistance perturbations
satisfy (R1). Hence P(Ry < ) — 0 as  — 0. In particular, there is an xy > 0 such
that P(Ry < o) < e. Thus, for x > 0, P(Ry < z) < e+ xgﬁ:cﬁ, which proves the
result. 0J
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Lemma 1.6.5 Suppose |V°| = 2 and (W1) holds. Moreover, assume that (w(i)):cs
are independent and there exists a 3 > 0 such that
sup E(w(i) ") < oo, (1.41)
i€s

then there exist constants ci.14, 013 such that

PR, <1z)< 6761‘14’3791‘3, Yz > 0.

Proof: Let § > 0 be a constant for which (1.41) holds and fix ¢ € (0,1). By the
previous lemma, we can find a c¢; 13 such that P(Ry < z) < e+ c1132°, for all z > 0.
Applying the relevant independence assumptions and the fact that R; 2 Ry, we can
deduce from this that, for all z > 0, i € X,,,

B
< E (5 + 01.13w>

n

where ¢1.15 := sup;eg E(w(i) ™) vV (N + 1) and N := #{j : F;(G,) € G.}. That
N > 2 is demonstrated in the proof of Proposition 1.6.3.

By writing Ry = ;s (1) Ril{rc.)ca.), one may easily check that the condi-
tions of [10], Lemma 1.1 hold. It is also possible to show that the number of non-zero

summands is N™. Consequently, we obtain the following estimate for the left tail of
the distribution of Ry,

P(Ry <z) < exp <01.16(01.15N)n/237ﬁ/2 + N”lng) ; Ve >0, (1.42)

for some constant c¢;.16. We now look to choose n in a way that will give us the control

we require over this bound. Define ng = ng(x) to be the unique solution to

C1.15 no/? . —Ine
N B 5106/201.167
and then set n = |ng — 1|. We have ¢;15 > N and so we can find an ¢; 17 € (0,1)

such that Nep 57! < (1 — c1.17)%. Consequently, because n — ng € (=2, —1], we have

. 71> (n—n0)/2

(01.15N)(n7n0)/2 — N"mo = oo <(Cl.15N - 1> < —01.17N72-
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By the choice of ng, our upper bound, (1.42), now becomes

InP(Ry < x)

IN

c116(crisN) "2 (¢ 15 N) P02 N7 N0 In g
= —Nm ((01.15]\7)(%”0)/2 — N’%"O) Ine
< e N™ 2lne

___ BN
— 1 —In N
= —CrLigT TMATEA,

which proves the result. [l

We now prove an alternative characterisation of the tail inequality of assumption

(W3b) that will prove useful in applying the previous result.

Lemma 1.6.6 Let X be a (0, 1] valued random variable with distribution function ®,
then the following statements are equivalent:
(a) If p € (0,1), then there exists a constant € € (0,1) such that

O(ex) < pP(z), Vx e (0,1]. (1.43)

(b) There exist constants ¢ € (0,1) and B > 0 such that
zPe

Proof: Assume (a) holds and fix p € (0, 1). Choose € so that (1.43) holds, and 5 > 0
so that p < 8. Integration by parts yields

E(2’"X "1{x<y) = lim { [y~ P (y)] 4+ 5/6 xﬁyﬁl@(y)dy} :

Now, ®(¢") < p", and so, for y € (e"*!,&"], we have yP®(y) < e #+Dpn_ Tt follows
that, because pe™? < 1,
(lsim [xﬁy*ﬁ@(y)]w O (z). (1.44)

Also,

6—0 zen+1

i [ oty e)de = gt [y ey
4 n=0

IN

pent+l1

625 / (2™ )P () dy
n=0

BO(w)e™71 Y (peP)"

e
= Ty (1.45)

IN
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The results at (1.44) and (1.45) imply that (b) holds.
Conversely, suppose that (b) holds for some # € (0,1) and € > 0. Fix p € (0,1)
and define ¢’ := (pe)'/#. For x € (0, 1], we obtain

, e'PxP ez’
P(c'r) < E l{XSE’x}W < pE 1{X§z}ﬁ < p®(z),
which is statement (a). O

We can now write down the sufficient conditions for (R3) in terms of the scaling

factor assumptions introduced in Section 1.4.

Corollary 1.6.7 Suppose |V°| = 2. If (W1) and (W3b) hold, then so does (R3).

Proof: Under (W3b), the scaling factors (w(i));cs are independent and by Lemma
1.6.6, they have finite negative moments of some order. Hence we may apply Lemma
1.6.5 to show that P(R; < z) < e—c11427 13 The pesult follows. O

When |V > 3, there is a class of p.c.f.s.s. sets for which the resistance perturba-
tions fit naturally into the multi-type branching random walk setting. In particular,

this is the case when
#{' € E°: Fj(G.) CG.} <1, (1.46)

foralle € E°, j € S. We now explain the connection and why this condition is useful.
Consider that the zeroth generation of a branching process is made up of a single
particle, labelled (i,e), where i € 3, and e € E° is the type of the particle. We
assume that the particle is positioned at the origin in R. At time 1, this particle dies
and leaves offspring {(ij,e'): j € S, ¢’ € E°, F;(Gv) C G.}, where a particle (ij, ¢)
is born at a position
—Inw(ij) —InH, +1In Hy,

relative to its parent. Each particle in the first generation reproduces in a similar fash-
ion, and so on. The condition (1.46) means that there cannot be a pair of particles of
the form (ij,€’) and (ij,¢e”) for ¢’ # €” born to (i,e). As a consequence, this means
that the particles of the first generation reproduce independently of one another.
Hence the process describes a multi-type branching random walk, with the nth gen-
eration being the particles in Gen(n) := {(ik,¢') : k € X, ¢’ € E°,: Fi(Go) C G},
and the set of particle types being E°.

An important object in the analysis of such a process is the matrix made up of

Laplace transforms of the offspring point process. Define the |E°| x |E°| random
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matrix M(0) = (meer(0)), orepo bY

w(i)H,\’
mee/(é) = Z H. 1{Fi(G5/)gGe}7 Vo > 0.

€S

Note that the M defined at (1.39) is simply equal to M(1). The relevant matrix of
Laplace transforms is then given by M () := EM ().
From the description of this branching process, we can check that R$(n), as defined

at (1.28), may be written

R;(n) = Z e~ T(ke)
(ik,e')EGen(n)
where 7(ik,e') is the position of the particle (ik,e’). Furthermore, under the con-
dition (W1), the renormalisation property, (1.26), implies that M(1) is stochastic.
Consequently, Rf := lim, ., R{(n) is a martingale limit of a type which has received
a substantial amount of attention in probabilistic literature. Hence we can imme-
diately apply known results to give conditions on the scaling factors which lead to
non-degeneracy and mean convergence (see [42], Theorem 1), and the finiteness of
positive moments (the argument of [54], Theorem 2.1(ii) may easily be adapted to
our situation) of the resistance perturbations. However, since stating a general result
of this form would involve little more than verifying the conditions and regurgitating
the results of these references, we shall omit to do so here. Instead, we will highlight
some of the more important considerations for a particular p.c.f.s.s. dendrite, see

Example 1.3. See also Appendix B.

1.7 Hausdorff dimension upper bound

In this section, we prove an upper bound for the Hausdorff dimension of (T, R), which
holds under relatively weak assumptions. We start by explaining how the Hausdorff
dimension is defined. For further background, see [25].

Let (X, d) be a metric space. For § > 0, call a finite or countable family of sets
(A;)2, a d-cover of A C X if diamgA; < 6 for all ¢ and A C | J; A;. For 0 < s < o0,
define

[e.9]

H3(A) := inf {Z (diamgA;)”: (A;)$2, is a d-cover of A} .

i=1
This is non-decreasing as 0 ~\, 0 and allows the following definition of what is a metric
outer measure, called the Hausdorff s-dimensional measure, H*(A) := lims_o H3(A).

For any set A C X it is straightforward to show that there exists an s such that, if
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t < s, then H'(A) = oo, and if t > s, then H*(A) = 0. This s is termed the Hausdorff

dimension of A, and is denoted
dimg(A) = inf {s: H*(A) < oo} =sup{s: H*(A) > 0}. (1.47)

Recall from (1.18) the definition of ¢(6). Since w(i) > 0 for every i € S, P-a.s.,
then ¢(0) = |S| > 2. Also, if we assume (W2), then ¢(0) is strictly decreasing and is

strictly less than 1 for large 6. Hence there is a unique positive solution to

6(0) = 1, (1.48)

which is the stochastic version of (1.11). We shall denote this solution « and show
that, P-a.s., this provides an upper bound for the Hausdorff dimension of 1" with
respect to the metric R, which we will write as dimy(7") throughout the remainder
of this chapter.

Deducing an upper bound for the Hausdorff dimension of a set generally relies on
finding a good d-cover for the set and this is how we proceed here. In fact, Lemma
1.4.6 implies that (T;);ex, provides a suitable cover for large n and so there is little

work needed to complete the proof.
Theorem 1.7.1 Assume (W2), (R1) and (R2), then

dimg(T) <a, P-as.

Proof: P-a.s., by Lemma 1.4.6, we have that for large n, (T);es, is a d-cover of T.
Thus

6—0

< E (lim inf Z (diamRTi)9>

1€3n

< liminfE (Z (diamR:n)9>

1€3n

= liminfE (Z (l(i)Wi)9> :

1€EX,

E(H(T)) = E (hm inf {Z (diampA;)": (4;)2, is a 6-cover of T})
i=1

where we have applied Fatou’s lemma for the penultimate inequality. By Lemma

1.4.5 and Lemma 1.5.1, the expectation appearing in the bottom line is equal to
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#(0)"E((diampT)?), and the second of these factors is finite. Furthermore, for 6 > a,
#(0) < ¢(a) = 1. Hence E(H?(T)) = 0, and so H’(T) = 0, P-a.s. The result follows

from this using the characterisation of the Hausdorff dimension at (1.47). O

1.8 Stochastically self-similar measures

In Section 1.1, the concept of a self-similar measure was introduced. In our case,
the randomness of (7', R) means that the corresponding natural measure will only
be stochastically self-similar. To define such a measure on 7', we initially define a
measure on the address space > and then use the natural projection to map it on to
T.
Generalising the definition at (1.20), let

> jes, Wig)’

1(@)o(0)
and note that Z/(n) 4 Z%(n) for every i € ¥,. As noted in Section 1.3, (Z%(n))n>o
is an (F,,),>0 martingale and so by the almost-sure martingale convergence theorem
Z%n) — Z%, P-a.s., for some random variable with EZ? € [0, 1]. Moreover, under the
assumption (W2) and for § < a, where « is defined by (1.48), we can show that EZ? =
1 using [44], Theorem 2.0. The same results will also apply to Z¢ := lim,, ., Z?(n)

Zf(n) =

for every i € X, P-a.s. From the definition of Z?(n), it may be deduced that we have
the decomposition
70 _ Zjezn l(ij)eziej
Z @)°p(0)

and furthermore, (Z?);cx, is a collection of independent random variables for each

(1.49)

n. We now show that the Z? are non-zero, P-a.s. using a proof similar to that of

Proposition 1.6.3.

Lemma 1.8.1 Assume (W2) and let § < «, then P(Z? =0) =0, Vi € 3.
Proof: Using the decomposition at (1.49) and the fact that w(i) > 0, P-a.s., for each

1, we obtain
- A(ig)? 28
P(Zf:(D _ P(Z]QS (]) zj:0>

HORIC)
= P(Z], =0, for j€59)

= HP (Z% = 0)

jes

= P =0)",
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where we have also applied the independence of (ij
tion of (Z?);ex, for the third and fourth equalities respectively. Since N > 2, we must
have that P(Z? = 0) € {0,1}. The assertion follows on noting that, as remarked in

the comments preceding this lemma, under the assumption of (W2), EZ? = 1. O

)jes and the equality in distribu-

Assume for the remainder of this section that (W2) holds. To define a measure
on ¥ it is sufficient to define it on the cylinder sets i% := {ij : j € ¥}. Define i by,
Z;1(i)’

il (ix) = 2000 i €5, (1.50)

For 6 < «, the decomposition identity at (1.49) and the fact that Z% € (0, ), P-a.s.,
imply that this defines a probability measure, P-a.s. The reason for considering such
a measure natural is that it can be considered as the limit measure of the measures
ii% on X, which are defined by

1(3)°
D jes, L5

On the finite sets ¥,,, these measures have the property of assigning weights propor-

1€ M.

fin (i) =

tional to a power of the edge lengths. Taking 8 = « removes the dependency on the
word length, which suggests that the natural exponent of edge lengths to choose is «.
It is, in fact, the natural projection of i* onto T that we shall utilise in the next
section to prove lower bound results for the Hausdorff dimension of 7. Assume now
that (R1) and (R2) also hold, so that we may build (7', R). We shall denote the
projection of i“ under the map 7 : ¥ — T', which was defined in the statement of
Theorem 1.1.1, simply by u® := ji® o 1. It is possible to check that this is a non-
atomic Borel probability measure on (7', R), which satisfies, for measurable A C T,
pO(A) = lim Y Ae(Ex).

n—oo

Z’EEnI Ti QA;AQ)

In particular, it may be deduced that

§(T;) = , (1.51)

which is the stochastic analogue of (1.12).

1.9 Hausdorff dimension lower bound

Proving a tight lower bound for the Hausdorff dimension of a set is often more of a

challenge than proving the corresponding upper bound, and this is also the case here.
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To prove that the « defined at (1.48) is a lower bound for the Hausdorff dimension of
(T, R), we need to make more restrictive assumptions on the scaling factors, and we
shall derive the result in two special cases only. We will apply the following standard
density result, which is proved in [25], Proposition 4.9. For a metric space (X, d), we

use the notation
By(z,r) :={y € X : d(z,y) <r}

to represent the open ball of radius r about a point z € X.

Lemma 1.9.1 Let (X, d) be a metric space. Suppose that A C X supports a measure
w with p(A) € (0,00) and there exists a constant ¢y19 such that

g ACBa(2: )01 4
6—0 ¢

< ¢1.19, Vo € A,

then H*(A) > ¢ 1op(A).

So far, we have been able to use the fixed graphs (f/", E”) to approximate T'. As
suggested by Remark 1.1, in general the lengths of edges within these graphs will vary
widely as n — oo. In proving the lower bound for the Hausdorff dimension, it will
be useful to to introduce graph approximations to 1" for which we have some more
uniform control over the edge lengths. The approximation we use here is similar to
that used in [32], Section 4, for proving results about a random recursive Sierpinski
gasket.

We first introduce the notion of a cut-set. We say that A C X, is a cut-set if for
every i € X, there is a unique j € A with ¢||j| = 7, and there exists an n such that
|7] < n for all j € A. This final condition is included to ensure that there is only a
countable number of cut-sets. Naturally associated with each cut-set is a graph with
vertices in T. The vertex and edge set of the graph corresponding to the cut-set A
are defined by

VA = {F(z): €V’ ieA}

and

BN = {a,y): v e VA y e VAa)},

respectively. We now demonstrate that (VA E*) is a graph tree.

Lemma 1.9.2 If A is a cut-set, then (f/A,EA) 1s a graph tree and for every edge
e € EN there exists a unique € € E° and i € ¥y such that e = Fy(€').
Proof: That (VA, E’A) is a graph tree may be proved by repeating the argument of
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Proposition 1.2.7, if we can demonstrate that V2 is a fine subset of T. To do this, we
note that it is possible to show that parts (a), (b) and (c) of Lemma 1.2.4 still hold
when the set function F is replaced by F*, where, for A C T,

FMNA) = Fi(A).

€A

The remaining claim is proved in the same way as Lemma 1.2.8. U

For 0 > 0, we define a random cut-set, 5, by
s ={i: 1) <o <1G|(i|—1))}.

Under the assumption (W2), Lemma 1.3.1(ii) guarantees that this is indeed a cut-set
for all 6 > 0, P-a.s. The graphs of interest to us will be those associated with these
random cut-sets. For brevity, we will write (V?, E®) to mean (V> E).

To be able to apply the density result of Lemma 1.9.1, we look for upper bounds
on the measure pu® := i o 7!, which was introduced in the previous section. Fur-
thermore, we will use collections of the sets (7;);ex, to cover the balls Bgr(x,d). In a
slight change of notation from (1.33) and (1.34), for x € T, define

Ts(x) = | J{T3: i € 55, z € T}
and a larger neighbourhood of x by
Tie(w) o= J{Ti i € S5, R(T; & Ty(x)) < 8¢}, (1.52)

where for A, B C T, R(A < B) :=inf{R(x,y): v € A, y € B}. The number of sets

making up this union is
Nso(x) = #{i € B5: Ty C Ts.(x)}.

It is clear that Br(x,d) C N(;/E,E(x). Noting that, for i € X,

“(T; < ——sup 27,
n(T3) Za 7= 5P
it follows that
p*(Br(z,9)) < (Za)_le_acSaN(;/E,E(x) sup Z:. (1.53)
’LEE(;/E

To complete the argument, we estimate the factors sup;cy Z7* and Ns.(x) sep-
arately. In bounding the first of these terms, we shall require some control over
the growth of the mean of |¥s]. The next lemma provides this using a related age-

dependent branching process.

46



Lemma 1.9.3 Assume (W1). There exists a constant ¢y.29 such that

E|25| S 01.205704, Vo € (O, 1)

Proof: Consider the following branching process. Start at time 0 with one particle,
labelled (. A particle ¢ has N children at times (0; —Inw(ij));es where o; := —Inl(7)
is the birth time of i. Label by ij the child born to ¢ at o; — Inw(ij) = —Inl(ij),
noting that children may not be labelled in birth order. It is not necessary to define
the time of dying explicitly in this proof. The independence assumptions on the N-
tuples (w(ij))jes mean that this setup describes a general branching process in the
sense of [36], Chapter 6.

The relevance of this process is in the following observation. If Y; is defined to be

the random variable counting the births before time t then it is easy to check that
15| S NY_1ns (1.54)

Noting that the Malthusian parameter for the branching process is precisely the «
defined at (1.48), standard arguments then give that EY; < ¢; 1€, for some constant

¢1.21- Combining this bound with the inequality at (1.54) yields the result. O

We now proceed with demonstrating that the rate of growth of sup;cy,, Z7* is less
than a power of Ind~! as 6 — 0. To allow us to apply Borel-Cantelli arguments to
deduce P-a.s. properties such as this, it is useful to choose a particular subsequence

of ds to investigate. From here on, we consider (,),>0, defined by §,, :=e™™.

Lemma 1.9.4 Assume (W1). There exists a constant 0y 4 such that

limsupn=4 sup Z* < oo, P-a.s.
n—oo i€,
In particular, if P(3_,.qw(i)* = 1) = 1, then any 0,4 > 0 will suffice. Otherwise, we
can take
0, 4 := inf {9 €[0,1): Zw(z)laﬁ <1, P—.a.s.} ,
i€s
where inf () := 1.
Proof: If P(} . qw(i)* = 1) = 1 then Z* = 1, P-a.s. for all i and so the result is
obvious. Assume now that P(}",.qw(i)® = 1) < 1. Define a subset, %, of ¥, by
> = {ik: k € ,}\{i} and related o-algebras by

Fr=o(w(j): j€X),  Gi=ow(j): j € T\D).
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By the independence assumptions on the (w(j)) ex,, we have F; L G;. It is also
straightforward to check that Z{ is F; measurable and {¥5 = A} € G; for any cut-set
A containing 7. Thus, for ¢ € A, with A a cut-set we have, for A > 0,

P(Z8> A Ss=A) =P(S5=ANP(Z2 > \) = P(S5 = AP(Z° > \).

From which we may deduce, using the countability of cut-sets, for A > 0,

P<supi>A> = ) P(supi“>)\,25:A)

€5 A: A acutset i€

< ) DY PZ>AT=A)

A: A acutset i€EA

= ). D P(Z*>NP(S5=1)

A: A acutset i€A

= P(Z°>X) > |AP(Z;=A)
A: A acutset

— P(Z° > \)E[Z4.

Since Z* is the limit of a tree-martingale, we may check the conditions of [44], The-
orem 2.1, to give us the following bound on the tail of its distribution. There exist

constants ¢q .99, ¢1.93, such that
P(Z% > \) < crame @2/ yA > 0.

Applying this estimate and Lemma 1.9.3, we obtain

o0 o0

_ _ 176,
E P (n 4 sup 7 > A) < E C1.gqe”CL2MA At
n=1

1€55, n—1

which is finite for A chosen suitably large. The result follows from this by an appli-

cation of the Borel-Cantelli lemma. OJ

Estimating Nj(z) is more difficult and to do so we require a bound on the max-
imum number of sets from (7});ex, that intersect each other. In the next lemma, we
show that it is possible to bound this number uniformly over cut-sets. For a cut-set

A, we will use the notation Ay :=sup,cp #{i: v €T}, i € A}

Lemma 1.9.5 Let A be a cut-set, then

(a) Ay < N|VO.

(b)ifi € A\, #{j € A: T,NT; # 0} < N|VY2.

Proof: Let n = max;ey |j| be the length of the longest word in A. By [9], Proposition

48



5.2.1, we have that Ay, < N|V°|. However, each of the sets of the form T}, i € %,,,
is contained in at most one of the sets T}, i € A, and so Ay < Ay, , which completes
the proof of (a). For part (b), note that

T;in{z: x €Tj for some j € A, j #i} C V.

There are |V°| elements of V2. By part (a), each of the x € V2 can be contained in
at most N|V?| of the (T});eca, which proves the result. O

We are now in a position to be able to prove the lower Hausdorff dimension bound
in our first special case. The assumptions that we use here include the technical ones
of (W1), (W2) and (M) which allow us to construct the resistance metric, apply
Lemma 1.9.4 to control the variables (Z)cs,, and also imply R = 1, P-a.s., which
eliminates one random variable from our consideration. The assumption that is most
specifically related to the problems which arise in the computation of a lower Haus-
dorff dimension bound is (W3a). Calculations of this kind become difficult if parts
of the fractal become, in some sense, too small too quickly. By bounding the scaling

factors uniformly below, we are able to prevent this from occurring here.
Theorem 1.9.6 Assume (W1), (W2), (WS3a) and (M), then

dimy(T) > «a,  P-a.s.

Proof: It follows from (1.3) that intersection of distinct sets from (7;);ex, can only
happen at points in Uses, V;". Hence, using the tree structure of (‘757Ea) and the
shortest path property of R, it is possible to obtain that, for 7,5 € X,

R(T; — T}) min Z R(es,e-)1{G.cou,)- (1.55)

a:GVO yEVO

By Lemma 1.9.2, if e € E°, then e = Fj(¢’) for some € € E°, i € ¥;. Similarly to
(1.31), this implies that R(ey,e_) = I(i)RS /H,. Since, by assumption (M), RS =1
and, by assumption (W3a), [(i) > de, this is bounded below by de/H*, where H* :=
max{H, : ¢ € E°}. Consequently, if R(T; « T}) < dc/H*, then R(T; + T;) = 0.
Now fix x € T. Suppose T; C T(g,g/m () for some i € 5. By the previous
paragraph, we must have T; N T # 0 for some T; C Ts(z), j € ¥s5. By Lemma 1.9.5,
there at most N|V?| sets satisfying T; C T5(z), j € s, and each of these can intersect
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with at most N|VP|? of the sets (T})es,. Hence N p-(x) < N?|VO3. Substituting
this into the bound of (1.53), for § € [ce~ "™V /H* ce™™/H*), we obtain
N 2 VO 3 H*)eo
NPTy
CRVA i€,

< cpo50®(Ing )

p*(Br(z,9)) <

where we have applied Lemma 1.9.4 for the second inequality. Thus, if s < «, then
limsup;_,, 6 *u*(Bgr(z,d)) = 0 for all z € T, P-a.s., and so the density result of
Lemma 1.9.1 implies the result. 0

Remark 1.7 By Corollary 1.6.2, the assumption (M) implies (R1) and (R2). Thus,
combining this result and the upper bound for the Hausdorff dimension of Theorem

1.7.1, we have under the assumptions of this theorem that dimg(T) = o, P-a.s.

For the second special case in which we prove a Hausdorff dimension lower bound,
we assume (W3b). Again, this is an assumption which stops the fractal getting too
small too quickly. Rather than bounding them uniformly below, as is the case under
the assumption (W3a), we assume independence of the scaling factors and restrict
the amount of build up of mass close to zero in the distributions of the scaling factors.
This independence allows us to use a percolation-type argument, which enables us
to avoid having to impose a uniform lower bound, which is an assumption that is
often used to prove results of this type. If w(i) has distribution function ®, then the

inequality of assumption (W3b) is equivalent to
O(ex) < pP(z), Vze (0,1].

From this, it is easy to see that if ® is approximately polynomial (i.e. there exist
constants ¢ 96,127 such that ¢ g2™ < ®(x) < ¢1972"™), then assumption (W3b)
holds. An example of when the build up of mass is too great for this to hold is the
distribution function ®(x) = (1 —Inxz)~%.

We now use the alternative description of (W3b) provided by Lemma 1.6.6 to show
that, under the assumption of finite negative moments of the RY, the inequality of
(W3b) holds if the w(i) are multiplied by the resistance perturbations. We shall use

the £, that arises in this lemma to describe what constitutes a small edge of (V?, E?).

Lemma 1.9.7 Assume (W2), (W3b), (R1), (R2) and (R3). Given q € (0,1), there
exists g € (0,1) such that

< w(i) < ez for some e € E°
e

()SI)Sq, Ve € (0,1].
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Proof: Assume (W3b) holds. By Lemma 1.6.6, we can find €y, 5 > 0 such that

E ((1 - %) 1{w(i>§x}) >0, Vze(0,1],ie%,\{0}. (1.56)

Note also that (R3) implies, after reducing 3 if necessary, E((R¢)™?) < ¢; .15, for all
e € EY i € ¥,. Furthermore, the inequality (1.56) will still hold if we reduce &.
Hence, for i € 2,\{0}, e € E°, = € (0, 1],

w(i)Re . LAY
P <—(H)e - < egpz, w(i) < x> < E ((w(i)(.)}ff) 1{w(i)§x}>

Jjﬁ
— (Heeo)B((RS) B (Wl{ww)

< C1.29€gP (w(i) < x),

where for the final step we apply the inequality at (1.56). It follows that, for i €

N Re 5
P (% < goz for some e € E°

€

U)(@) S ZE) S 01.29|E0|€€, \V/ZE & (O, ]_]
Thus the result holds for ¢y chosen suitably small. U

Henceforth, we shall consider ¢ to be a deterministic constant and choose ¢y so
that the claim of the previous lemma holds. For reasons that will become clear in the
proof of Lemma 1.9.9, we will assume that ¢ is strictly less than 2-NVF(N|V02)-1.
To bound Ns.,(x) we will show that the largest cluster of sets from (7});ex, which
contain a small edge is not too large. It is convenient to use the language of percolation
theory to describe the setting for the next part of the discussion. We first define the
events (A;(x))ies, by

1(1)R¢ .
Ai(x) == {% < z for some e € EO} .

e

When it is clear that we are considering only i € Y5, we will adopt the notation
A; := Ai(egd). For i € 35, we call the set T; open if A; occurs, and closed otherwise.
Thus the open T} are those sets which contain a small edge of (V?, E?).

Consider the random variable

Hs = (35; (1G[([i] = 1)))iess) -
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We shall be conditioning on Hy; the informal motivation for doing so is the following.
In the proof of Lemma 1.9.3 we introduced a branching process where the individual
i is born at time —Inl(i). Hence if we stop the branching process at time —In§
(and can not see into the future), then we will be able to ascertain the value of Hj.
However, we will not be able to observe the exact values of [(i) for i € ¥s5. So, in this
sense, we can consider Hy to be the information about the weighted graph (V, E9)
available from the branching process at time — Ind.

We now make precise the nature of the percolation-type behaviour that the inde-
pendence of the w(i)s under the assumption (W3b) induces on the open/closed sets
of (T})iex;. Note that the result provides an upper bound on the probability of a set
from (7});ex, being open which is independent of §. This scale-invariance property

will be of particular importance for the arguments that follow.

Lemma 1.9.8 Assume (W2), (W3b), (R1), (R2), (R3). Let § € (0,1). Condition-
ally on Hs, the sets (1;)iex, are open/closed independently and, for i € s,

P (AZ | H(S) < q, P—(I.S.,

and, for s > 1,
E (Sl{Ai}

H;) <1—q+sq, P-a.s. (1.57)

YN

Proof: Suppose that i',...,i" are distinct elements of Xs. Applying the indepen-

dence of the (w(7))iex.\{0}, elementary arguments yield
P (Al'l, e ,Ain ’ H(;)

B ") R 0 .
= I_IP(MgglforsomeeEE0
o H, T

)
w(i™) < —)
L7 w=i(im)(

This implies the independence claim. Consider the case n = 1, and write ¢ = i'. Since

[im] 1))

i € X5, we must have [(i|(]i| — 1)) > 6. Hence we can apply the bound of Lemma
1.9.7 to the above expression to obtain that P(A; | Hs) < ¢, P-a.s. The generating

function bound of (1.57) is a simple consequence of this. O

We now introduce an algorithm to find the largest cluster of open sets of the form
(T})iex;- We shall work on the graph (X4, I's), where the edge set I's is defined by

We shall write C(7) for the component of (X5, I's) which contains the vertex i. Clearly,
if T} is closed, then C(i) = {i}. The following argument to find the size of the largest
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cluster is inspired by similar procedures used in [37] to find the size of the largest
cluster of a random digraph, and in [6] to find the size of the largest cluster of a
complete graph with edge percolation.

Let i € X5 and set Lo := {i}, Dy := (). For n > 1, we define L,,, D,, inductively.
Assume we are given L,,, D,. If L, # (), then pick a vertex j € L, (we can assume

that there is a deterministic rule for doing this), and set

Lnwi = LyU{k€Ss: k& L,UD,, {jk} € Ts\{j}
Dn+1 = DTLU{]}

If L, =0, then set L,1 :=0, Dyyq := D,.

It is a little unclear from this description as to exactly what the algorithm is doing
and so we now try to provide a more intuitive description in terms of a branching
process related to ¥5. Call ¢ a live vertex. For the first step, connect to ¢ all those
vertices in Y that are joined to ¢ by an edge in I'y. Call these vertices live and i
dead. At an arbitrary stage, pick a live vertex, j, and connect to it all those vertices
which we have not yet considered and are connected to j by an edge in I'y. Call the
new vertices in our branching process live and 7 dead. Continue until we have no
live vertices to pick from. At the point of termination, the collection of dead vertices
contains exactly the vertices of C(7).

In our notation, L, represents the live vertices and D,, the dead ones. Since we
can pick each vertex in X5 only once in the algorithm, we must have D5, 41 = C(i).
However, the algorithm may effectively terminate before this stage, giving that |D,,| =
n AT, where 7 := inf{n : L, = 0}. Necessarily L5, 41 = 0, and so this infimum is
well-defined and finite. In particular, we must have |C(i)| = 7.

Using this algorithm, we are able to obtain a tail estimate for the distribution of
|C(7)|, conditional on Hs. Note that this result is scale-invariant; the tail bound on

the size of a cluster does not depend on 9.

Lemma 1.9.9 Assume (W2), (W3b), (R1), (R2) and (R3). Let § € (0,1). There

exists a deterministic constant cq.39, not depending on 0, such that, for i € 3,

P(|C(i)| > n | H;) < e Pogs.

Proof: Choose ¢ € ¥5 and use the algorithm described prior to this lemma to con-

struct (Ly, Dy)n>o. Given L, D, the number of new live vertices in the (n + 1)st
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step of the algorithm is

7 . #{k‘GZgZ ]{,’Q/LnUDn, {j,k’}Erg}, lan#w,
n= 0, if L, =0,

where j = j(L,) is the vertex chosen from L, in the algorithm. On {L, = 0}, for
s > 1, E(SZ"‘H(;,L,L,DH) =1, P-ass. On {L, # 0} with j = j(L,), using the

independence and generating function bound of Lemma 1.9.8, for s > 1, we have

E (s%|H;, Lo, D,) < I1 E (slm open) H5>
k€Xs: kgLnUDy, T;NT,#0
< 1—gq+ sq)N‘VOP, P-a.s., (1.58)

where for the last line we have used the bound of Lemma 1.9.5 on the maximum
number of sets of the form (7})res, that can intersect with 7;. Hence, because this
upper bound is larger than 1, we have that E (s | Hs, L,, D,) < (1 — ¢ + sq)NIVP,
P-a.s.

For n <7 we have |L,| = |L,_1| + Z,—1 — 1, and so, for s > 1,

E (s™1gp, 50 Hs) < E(s™1qs, 50| Hs)
E (slbrtlglbnl=lEnaly ) om0y | Hs)
= E(s" g, ooy B (5777 [ Hy, Loy, Daoy)| Hs)
< s 1—q+ sV TE (s, sop | Hs)

where we use the inequality at (1.58) for the final bound and we have also used the
fact that {|L,| > 0} = {7 > n}. Applying this repeatedly yields

E (s, 50 Hs) < s7"(1—q+sq)"""'F, P-as.
Consequently, P-a.s., for s > 1,

P(|C(i)] >n| Hs) = P(|Ln| > 0] Hjs)
E (s"1q, 150y | Hs)
S_n(l . q_|_ Sq)nN\VOP.

IA

IN

This is minimised by s = (1 — ¢)/q(N|V|*> — 1), which is greater than 1, because of
the upper bound we have assumed on ¢. Substituting for this value of s, we obtain

that there is a strictly positive constant ¢y g, such that, P-a.s.,

P(IC(0)| > n | Hy) < (2P NIVOR)" < emeron,
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This lemma is easily extended to give a tail estimate for the distribution of the size
of the largest component, Cs := sup,cy, C(i). We also prove an almost-sure convergence

result.

Lemma 1.9.10 Assume (W1), (W2), (W3b), (R1), (R2) and (R3). Let § € (0,1).

There exist constants cy.31,C1.30 such that
P(C(; > n) < C1.31€761'32n(570{, Vo € (0, 1}

Furthermore,

limsupn™~'Cs, < oo, P-a.s.

n—oo

Proof: Applying the conditional tail distribution of Lemma 1.9.9, we have
P<C5 > n) = E (P(C5 > n|H5))

< B (Z P(C(i)| > n|Ha>)

1€

< E([Es])em >,

and so the first assertion follows from Lemma 1.9.3. A simple Borel-Cantelli argument

yields the second part of the lemma. 0

We are now able to prove the lower bound for the Hausdorff dimension of 7" in

the second special case.
Theorem 1.9.11 Assume (W1), (W2), (W3b), (R1), (R2), (R3), then

dimy(T) > «a, P-a.s.

Proof: As at (1.55), the distance between sets of the form (T7;);exn, is the weighted
graph distance between the corresponding vertices in (‘75, Ea)_ Hence if it happens
that R(T; < T};) < deo, then the shortest path between a vertex of f/io and a vertex
of f/jo contains only edges contained in open sets from (T )ges,. Thus, if Ty C Tj., ()
for x € T', then there exists ¢ € X4, j € C(i) such that T, NT; # 0 and T; N Ts(x) # 0.
It follows from the bounds on the number of set intersections proved in Lemma 1.9.5
that
N(;’e()(x) < N3|V0|565,
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and this bound is uniform in z. Consequently, for § € [goe™ ") g9e™™), the bound
at (1.53) implies

aN3 VO 5
NV ey, sup 25

“(Br(r,9)) < —=
H ( R( )) goocZa ieTs,

Applying Lemmas 1.9.3 and 1.9.10, we have that P-a.s., there exists a constant c; 33
such that

1 (Br(x,0)) < ¢1530%(Ind )10 yr e T, 5 € (0,g). (1.59)
Thus, for s < «, limsups_,0 *u*(Bgr(z,0)) = 0, Vo € T, P-a.s. The result is

obtained by applying Lemma 1.9.1. U

Remark 1.8 Combining this result and Theorem 1.7.1, under the assumptions of

this theorem, we have dimg(T) = a, P-a.s.

1.10 Measure bounds

The proofs of the Hausdorff dimension lower bound in the previous section involved
establishing an upper bound on u®(Bgr(x, 7)), the measure of a ball of radius r, where

1
second set of assumptions for which we were able to prove the Hausdorff dimension

“ is the stochastically self-similar measure introduced in Section 1.8. Under the

lower bound, we prove a corresponding lower bound. We shall see in Chapter 2 how
the measure bounds we obtain here immediately imply transition density bounds for
the diffusion naturally associated with the random Dirichlet form (€, F) constructed
in Section 1.4.

When |V = 2, and the scaling factors are uniformly bounded away from one,
we can prove a tighter lower measure bound than in the general case. Crucially,
under these conditions we are able to deduce an exponential bound for the tail of the
distribution of the diameter of (7, R). It is important for the proof of the measure
bounds that this implies an almost-sure upper bound for 6! sup,.5, , diampT; (along

the subsequence §,,) which is polynomial in Ind .

Lemma 1.10.1 Suppose |[V°| = 2 and the assumptions (W1) and (W4) hold.

(a) There exist constants cy.34,C1.35 and 05 such that

P(diamgT > z) < 01.346701'35”1/01‘5, Vo > 1.
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(b) P-a.s., there exists a constant ¢ 36 such that

sup diampT} < c;.366,n7",

1€855,,
where 0y 5 is the constant of part (a).
Proof: When |V°| = 2, R; is the precisely the limit of a tree-martingale and we can
apply [44] , Theorem 2.1, to obtain that, for ¢ € X,

1/61.5

P(R; > z) < cpgre 3/ g >0, (1.60)

for some constants c; 37, ¢35 and #;5. Observe that the upper bound for diamR/f/*
at (1.32) implies that diampT < 2N|E°| 322 SUp;ey;, 1(7)R;. Hence, under (W4),

P(diamgT > z) <P <2N]EO\ Z sup n"R; > IE) ;
par oM
where 7 is a constant strictly less than one. Now choose € > 0 small enough so that
n+¢e < 1 and define ¢;.39 := (1 — 1 —€)/2N|E°|. For z > 1, set @, 1= ¢1.30(1) + €)"x.
Clearly, if sup;ey, 7" R; < @, for each n, then 2N|E°| 3%  sup;cs, 7" R; < x. Thus

1€3n,

P(diamgT > z) < Z P (sup n"R; > :cn>

n=0

IN

i N'"P(R; > xz,n™ ")

n=0

- nln N—cy 40(n+8)n/91'5x1/91.5
< E Cr.37€ hom
n=0

_ 1/61.5
C1.42%
< crae ;

where the third inequality is an application of the tail bound at (1.60), and the
final inequality requires some elementary analysis. The proof of (b) requires a Borel-

Cantelli argument similar to the proof of Lemma 1.9.4. U

Before reaching the main result of this section, Theorem 1.10.3, we present an
almost-sure lower bound for inficy, Z;*, where (Zf);cxs, are the random variables

7 (2

introduced in Section 1.8.

Lemma 1.10.2 Assume (W1), (W2) and (W3b) hold. There exists a constant 6 ¢

such that, P-a.s., there exists a constant ¢y 43 that satisfies

inf Z* > 01,43n*91‘6, Vn > 1.
iEEan
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Proof: Since Z;* is the limit of a tree-martingale, we can repeat the argument of
Lemma 1.6.5 to obtain that for some constants ¢; 44, ¢1.45, 616, we have P(Z% < z) <
61,446_61'453571/01‘6, for all z > 0. Again, the result follows by a Borel-Cantelli argument

similar to the proof of Lemma 1.9.4. O

We are now able to prove the measure bounds for (7, R, u*). In the statement of
the result we use the notation In;  := 1V In x, which represents the cut-off logarithm

function.

Theorem 1.10.3 Assume (W1), (W2), (W3b), (R1), (R2) and (R3).
(a) Fiz ¢ > 0. There exists a constant 017 such that, P-a.s., there exist constants

C1.46, C1.47, that satisfy
14Tt < p*(Bg(z,r)) < crar® (lm T_1)01.7 )

for every x € T, r € (0, diamgT].
(b) Suppose further that |V°| = 2 and (W) holds. There exist constants 6,019 such

that, P-a.s., there exist constants cy.4s, C1.49, satisfying
crasr® (Ing r_l)i(;l'g < p*(Br(z, 7)) < cragr® (Ing 7“_1)01'9 ;

for every x € T, r € (0, diamgT).
Proof: The common upper bound of (a) and (b) was proved at (1.59) for r € (0, &9).
This is easily extended to hold for r € (0,diamgT], because u® is a probability
measure on 7.

We now prove the lower bound of (b). Under the assumptions of the lemma, we
have that, P-a.s.,

Cs, < c150m, sup diampg7; < 1 34n”94,, ,i%f Z¥ > crggn™e, > 1,
i€Ss, 1€ L5y

by Lemmas 1.9.10, 1.10.1 and 1.10.2 respectively. Recall the definition of T(g,)\(.l") from
(1.52). From the above inequalities, we have that, for n > 0, z € T,

diamRT(;m,\(x) < 2 sup diamgT; + 0,\ < (201,347191‘5 + Ay,

1€35,

which implies that Tj, x(z) C B(z, (2¢1.34n"% + \)6,). To complete the proof of the

lower bound of (b), we shall establish a lower bound for the measure of a set of the
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form Tgm)\(l’). If every set T; C Tgm,\(.r), i € X5, is open (in the sense of Section 1.9),
we clearly have N, \(z) < Cs,. Hence

diamRT(gm,\(x) < Cs, sup diampT; < ¢y 50 0155, (1.61)
€5,
Choose ng > 1 such that 4c1‘51n(1)+91*55n0 < diampgT and define \, := 2¢y 5 n' 05,

Since Bgr(z,0,\n) C Ty, 1, (), we must have, for n > ng,
diamRT(gm,\n () > A\pby > crsnttosg,
which contradicts (1.61). Hence there exists an i € X5, such that T} C Tj, »,(z) and
T is closed. It follows that
~ o Z?l(Z)a > 01_52(5371791‘6
Z* 7 Supjes, R;’
because (i) > €96, H®/R;, by the definition of T; being closed. From (1.60), we have

an exponential tail bound for the distribution of R;. Consequently, we can use a

(1.62)

Borel-Cantelli argument to deduce that SUPjes R; < c153n%7, for n > 0, P-ass.,
for some 6, 7. Combining this fact with (1.62) and the observation that Ty, », (z) C
B(z, (2c1.34n%% + \,,)d,), we obtain, P-a.s.,

,Lba(BR(I, (201347’!61'5 + )\n)5n)) Z 01.545371_(01'6—1—61'7), Vn Z ng, I € T.

Some elementary manipulation allows it to be deduced from this that, P-a.s., for

some 7o > 0, there exists a constant ¢; 55 such that, for r € (0,7),
p(B(x,7)) > cp55r® (Ing 1)~ @000+ -y e

The bound is easily extended to r € (0, diampgT

The proof of the lower bound of (a) is similar and so we omit it here. We do
note, however, that the small order polynomial term, r¢, arises because we are no
longer able to deduce exponential tail bounds for the distributions of diamg7 and
R¢. Instead, because we know from Lemma 1.5.1 and by assumption (R2) that both
random variables have finite positive moments of all orders, we can obtain tail bounds

of the form
P(diampT > ) < crs62’,  P(R; > 2) < crgrz’,

for arbitrarily large 6. Following a Borel-Cantelli argument similar to Lemma 1.9.4,
these translate to almost-sure results of the form, for ¢ > 0, P-a.s., there exist con-

stants c; sg, ¢1.59 such that, for n > 0,

sup diampT; < c1.586. ¢, sup sup R{ < c¢1590,,°.
iEZ(gn GEEO 7;625,”
The rest of the argument is unchanged. 0
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Figure 1.1: P.c.f.s.s. dendrite with [V = 2.

1.11 Examples

We now present three examples to illustrate the kinds of sets and scaling factors to
which our results apply and demonstrate that we really are generalising from the

deterministic case.

Example 1.1 Two point V°
Let X =R? S = {1,2,3} and define

1 1 1
F1($7y) = 5(1 - xay)a FZ(x7y> = 5(1 +x, _y)v F3('Iay) = <§ + cy,cw) ; (163)

where ¢ € (0,1/2) is a constant. The self-similar set T corresponding to these simili-
tudes is shown in Figure 1.1 and has V° = {(0,0), (1,0)} = V°. Since there is only one

edge in the graph, the only resistance form on V0 is (up to multiplicative constants):

D(f,f) = (f(a1) = f(=2))"

where x; := (0,0), 22 = (1,0). All the regular harmonic structures for this set are
obtained by choosing r € (0,1)? with r; +ry = 1.

Since |V°| = 2, it follows from the results of Sections 1.4 and 1.6 that, to construct
the random Dirichlet form and resistance metric on 7T, we simply need the scaling

factors to satisfy (W1) and (W2). In particular, we need
E(w(l)+w2)=1, Ew(3)<l, (1.64)
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Figure 1.2: Random p.c.f.s.s. dendrite.

and
3

Y Pw(i)=1) < 1. (1.65)

i=1
These conditions also allow the application of Theorem 1.7.1 to deduce that « is an
upper bound for the Hausdorff dimension of 7" in the resistance metric, P-a.s.

We now discuss the two sets of conditions for which we have proved that « is
also a lower bound for the Hausdorff dimension. First, because |E°| = 1, the matrix
M introduced at (1.39) reduces to a real-valued random variable. Specifically, M =
w(l) + w(2). Thus, for the assumption (M) to hold, we require w(1) + w(2) = 1,
P-a.s. Note that this immediately implies the left hand equality of (1.64) and the
inequality at (1.65). Hence, by Theorem 1.9.6, we have that dimy(7) = «a, P-a.s.,
whenever

w(l)+w(2) =1, P-as, Ew(3)<1,

and the scaling factors are bounded away from zero uniformly. Figure 1.2 shows
(V9 E%) for w(l) ~ Ule,1 — ¢, w(2) = 1 — w(1), w(3) = w(l) A w(2), which are
scaling factors that satisfy these conditions. The figure is drawn so that lengths of
edges in the picture are equal to the resistance between end-points. As to be expected
from Proposition 1.3.2, it is already noticeable at this stage of the construction that
there is a significant difference between the shortest and longest edges of the graph.

The second set of conditions are perhaps more interesting because we are able to

remove the uniform lower bound on the scaling factors. The assumptions we made

in Theorem 1.9.11 were (W1), (W2), (W3b), (R1), (R2) and (R3). However, the
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results of Section 1.6 render the conditions on the resistance perturbations surplus
to requirements, and we merely need to choose scaling factors which satisfy (W1),
(W2) and (W3b) to construct the Dirichlet form and resistance metric and show that
dimg(T) = a, P-a.s. For example, we can simply take (w(i))?_, to be independent

U(0,1) random variables. In this case the Hausdorff dimension of 7" is P-a.s. equal

1
3/ x%dx =1,
0

which we can solve explicitly to obtain @ = 2. Observe that the associated deter-

to the solution of

ministic construction of (7, R), using r; = Ew(i) = 1/2, i = 1,2, 3, has Hausdorff
dimension In3/In2. This demonstrates a significant difference between the random
and deterministic metric spaces, despite their topological equivalence.

Possibly the most important example choice of scaling factors for which we may

construct the Dirichlet form and resistance metric is when (w(i))?_, are the square

111
27272

(w(4))?_, L (Ai/Q)?:l, where (A;)?_; is a random variable that takes values in the

roots of a triple of Dirichlet ( ) random variables. Precisely, this means that

simplex {(z1,72,23) € [0,1]>: x1 + 23 + 23 = 1} and has density
1
271'\/&311'2373.

In this case, the random set we construct is a realisation of the continuum random tree
of Aldous, (see Chapter 3 for a definition and, for a proof of this correspondence, see
Appendix A). Furthermore, we note that, although the Hausdorff dimension results

of this chapter do not apply to these scaling factors, we have

and so a = 2, which is known to be the Hausdorff dimension of the continuum
random tree. Finally, note that in Chapter 3 we show that the measures of balls
in the continuum random tree exhibit fluctuations of logarithmic order, suggesting
that it will not be possible to significantly tighten the measure bounds of Theorem
1.10.3(b) in general.

Example 1.2 Vicsek Set

Let X = R? S = {1,2,3,4,5} and vy, va, v3, vy, vs = (0,0), (1,0), (1,1),
(0,1), (1/2,1/2) respectively. Set Fi(z) = (x + 2v;)/3, for i = 1,...,5. The self-
similar set 7" with respect to {Fi,..., F5} is called the Vicsek set. The vertex set

V9 = {vy,v9,v3,v4} is not a fine subset of T'and so we do need to add the branch point
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Figure 1.3: Vicsek set, (V°, E9) and (V°, E°).

vs to make up V°, see Figure 1.3. We will denote the edges in E° by e; := {v;, v5},
1 =1,2,3,4. For this set, we obtain harmonic structures by taking H, = 1, Ve € E°,

and choosing r to be an element of the three-dimensional set
{r: 0<rm<l,ri+rs=1—r5=r9+1r4}. (1.66)

Of course, there are other choices of (H,).cpo which lead to different relationships
between the scaling factors.

To construct the Dirichlet form of Section 1.4, we require a choice of scaling factors
for which the assumptions (R1) and (R2) hold. Consider the branching process intro-
duced at the end of Section 1.6, started from an initial ancestor (0, e;). The first three

generations of the process are

(0,e1) shown partially in Figure 1.4.

/’\ We note that the positions of
}y& }y{ }’{ (15, e3) relative to (1, e3) and

(15.e1) . . (15.e5) . . ~ the position of (15,¢1) rela-
tive to (1, e;) both depend on
Figure 1.4: Vicsek set family tree. w(15). Hence the offspring of
(1, e1) are not independent of
the offspring of (1, e3), and the branching process does not fit the multi-type branch-
ing random walk framework. Consequently, we cannot apply results from that area of
study to deduce when (R1) and (R2) hold. Note that this is consistent with the dis-
cussion of the multi-type branching random walk in Section 1.6, because the condition
(1.46) is not satisfied for the Vicsek set.
It is possible, however, to check that whenever (w(7))?_; takes values in the set
at (1.66), P-a.s., then we may construct the random Dirichlet form and show that
dimg(T) < «, P-a.s. in the associated resistance metric. In fact, the only extra

condition we need to impose to deduce that dimy(7T) > «, P-a.s., is that the scaling
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Figure 1.5: Hata’s tree-like set and (V°, E°).

factors are bounded away from zero uniformly. For example, we can take w(5) ~
Ule,1 — €] and set w(i) = (1 —w(5))/2, i =1,2,3,4.

Example 1.3 Hata’s tree-like set

Let X = C. Set Fy(z) = ¢z, F5(z) = (1 — [¢|*)Z + |c[?, where ¢, |1 — ¢| € (0,1).
The self-similar set 7" with respect to {F7, F»} is called Hata’s tree-like set. One may
check that VO = {¢,0,1}, and that the graph (V°, E°) is as shown in Figure 1.5.
Note that this graph differs from (V°, E°) by having an edge removed. If we define
D by Hy. = h and Hyp, = 1 and also define r = (r,1 — r?), then (D, r) is a regular
harmonic structure if and only if Ar = 1 and r € (0,1), see [39], Examples 1.3.16 and
3.1.6. Since this is the only regular harmonic structure, the set at (1.40) contains
only one point and the choice of scaling factors for which assumption (M) holds is
the deterministic case, w(1) =7, w(2) =1 —r? P-a.s.

However, this set does satisfy the the
condition at (1.46) and so we can use (0,¢1)
multi-type branching random walk argu-
ments to find conditions upon the scaling (1, e2) (2,e1)
factors that allow us to deduce that the |

(11,e1) (21,e5) (22,€1)
resistance perturbation assumptions (R1), : : :

(R2) and (R3) hold. Figure 1.6 shows the
first three generations of the family tree,
started from (0, e;), where e; = {0, 1},
ey := {0, c}.

The relevant matrix of Laplace transforms may be calculated to be equal to

M (9) = E( w(2) b u(1)” ) .

Figure 1.6: Hata family tree.

how(1)° 0
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This has Perron-Frobenius (maximum positive) eigenvalue

o(60) = % {Ew(z)" 1/ (Bw@))? + 4 (Ew(1)9)2} |

Under the assumption (W1), M(1) is regular stochastic and furthermore,

52 Ew(2)Inw(2) < 0.

These conditions allow us to apply Theorem 1 of [42] to show that Rf(n), as defined
at (1.28), converges almost-surely and in mean to R, for e € E° i e %,. Thus the
limit defining R{ exists and is finite P-a.s. In fact, we remark that by adapting the
argument of [54], Proposition 2.2, it is possible to show that p'(1) < 0 in general
under (W1) and the regularity of M(1), see Appendix B. To demonstrate that R is
non-zero, we can use the irreducibility of M (1) in an argument which is analogous to
the single-type case, see Lemma 1.6.3. Consequently, (W1) implies (R1).

In general, to show that R{ has finite positive moments, it is possible to apply an
argument similar to the proof of [54], Theorem 2.1(ii). However, for this set, we can
remove the necessity for this by reducing the problem to the single-type situation.

Observe that we can write,
Ry = w(2)Ry" +w(1)w(11) R},

and so we can use the single-type results to obtain that under (W1), E((Rj")?) is
finite for d > 0. Since Ry = w(1)R{", this means that (W1) also implies (R2).
Assume further that (W3b) holds. It follows from Lemma 1.6.6, the random variables
(w(i))sex, are independent have finite negative moments of some order. Thus the same
is true for w(2) and w(1)w(11), and so we can repeat the proof of Lemma 1.6.5 to
show that the distribution of Rj' has exponential tails at zero. Hence E((Rg')™) is
finite for all d > 0. Again, because Rj> = w(1)R{", and each of these factors has finite
negative moments for some power, then so does Rj*. Hence (R3) holds.

In summary, whenever (w(i))%, are independent (0, 1] random variables which

satisfy

(Ew(1))® + Ew(2) = 1, ZP(w(i) =1) <1,

and the tail inequality of (W3b), we can construct the random Dirichlet form and

resistance metric, and deduce that dimy(7T) = a, P-a.s.
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Chapter 2

Heat kernel estimates for a
resistance form with non-uniform
volume growth

In this chapter, we consider the general problem of estimating the heat kernel on
measure-metric spaces equipped with a resistance form. As outlined in the first chap-
ter, such spaces admit a corresponding resistance metric that reflects the conductivity
properties of the set. In this situation, it has been proved that when there is uniform
polynomial volume growth with respect to the resistance metric, the behaviour of the
on-diagonal part of the heat kernel is completely determined by this rate of volume
growth. However, recent results have shown that for certain random fractal sets,
there are global and local (point-wise) fluctuations in the volume of balls of radius r
as r — 0 and so these uniform results do not apply. Motivated by these examples, we
present global and local on-diagonal heat kernel estimates when the volume growth
is not uniform, and demonstrate that when the volume fluctuations are non-trivial,
there will be non-trivial fluctuations of the same order (up to exponents) in the short-
time heat kernel asymptotics. We also provide bounds for the off-diagonal part of
the heat kernel. These results apply to deterministic and random self-similar fractals,

and metric space dendrites.

2.1 Background and notation

We start by introducing the general framework and notation that we will use through-
out the chapter. Let (X,d) be a locally compact, separable, path-connected metric
space, and u be a non-negative Borel measure on X, finite on compact sets and strictly

positive on non-empty open sets. Assume that (£, F) is a local, regular Dirichlet form
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on L*(X,u) and that its extended Dirichlet space (£, F,) is a resistance form on X,
(see Appendix C for a definition of F.). As discussed in Chapter 1, resistance forms
arise naturally from self-similar fractals and metric space dendrites, and a precise
definition is given in Section 1.1. A further discussion of the connection between
resistance and Dirichlet forms appears in Appendix C.

Generalising the definition at (1.8), define the resistance function R by
R(A,B)™ :==if{E(f,f): fE€F. fla=1flp=0}, (2.1)

for disjoint subsets A, B of X. If we set R(x,y) = R({z},{y}), for x # y, and
R(z,z) = 0, then using the fact that (£, F.) is a resistance form, it may be shown
that the function R : X x X — [0,00) is a metric on X. This metric is called the
resistance metric, and we shall assume that the topology induced by R is compatible
with the topology induced by d. Note that, in the electrical network interpretation
of a quadratic form, the right hand side of (2.1) is precisely the effective conductivity
between the sets A and B. Thus the resistance function represents the effective
resistance between sets. In this chapter, we shall denote by B(z, r) the path-connected
component of the resistance ball of radius r around x containing x.

Given a Dirichlet form, there is a natural way to associate it with a non-negative

self-adjoint operator, —£, which has a domain dense in L?(X, ;1) and satisfies

(9) =~ [ fLodu.  ¥feF.ge D)

Through this association, we may define a related reversible strong Markov process,
((X¢)i>0, P, & € X), with semi-group given by P, := e'*, ([27], Theorem 6.2.1). By
repeating the argument of Proposition 1.5.3, it is possible to show that every point
in X has strictly positive capacity (to extend the proof to the non-compact case,
integrate (1.38) over B(z,1) rather than the whole space). Consequently, it may
be deduced that the process associated with (£, F) is unique ([27], Theorem 4.3.6),
and because our Dirichlet form is local, our process is a diffusion ([27], Theorem
6.2.2). Note that the well-known inequality for resistance forms that is stated below
at (2.17) and the assumption that the topologies of d and R are compatible imply
that P,(Cy(X)) C Cp(X), where Cp(X) is the space of continuous bounded functions
on X. In particular, when (X, d) is compact, it follows from this that the semi-group
(P})i>0 is Feller. Finally, we prove in Section 2.5 that there exists a version of the
transition density p;, for each t > 0, and it is this that will be the object of interest
in this chapter. Apart from in Section 2.5, we shall refer to it as the heat kernel or

transition density interchangeably.
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In the resistance form setting, it has been established that knowledge of the volume
growth with respect to the resistance metric can be extremely useful in determining
the behaviour of the heat kernel. One widely applicable way of describing volume
growth is the idea of volume doubling. To introduce this, suppose that we have a

strictly increasing function V', with V' (0) = 0, that satisfies the doubling condition:
V(2r) <C,V(r). (2.2)

We say our measure-metric space, X, has uniform volume doubling if we can find a
function V' satisfying the above properties and also co 1V (r) < V(z,r) < ¢V (1),
for every € X and r € [0, Rx + 1), where V(z,7) := u(B(x,7)), and Ry is the
diameter of X with respect to the resistance metric, which may be infinite. This
uniform volume growth condition includes any space with uniform polynomial volume
growth, but excludes exponential growth.

In [41], for a measure-metric space satisfying the conditions of this chapter, Kuma-
gai proves that uniform volume doubling implies that there exists a constant Tx > 0
depending only on (X, R) such that the following upper bound on the heat kernel
holds: for z,y € X, t € (0,Tx],

cosh™(t) Rz.y)

pt(x7 y) < ; e c2.3V L1(t/R(zy)) , (23)

where h(r) := rV(r) occurs as a time scale function. It is also demonstrated that a
near diagonal lower bound of the form

62,4h_1 (t)

. ,  for h(coaR(z,y)) <t, (2.4)

pt(l', y) Z

holds for t € (0,Tx]. In particular, uniform volume doubling determines that the
on-diagonal part of the heat kernel is given up to constant multiples by h=*(¢)/t.

A major motivation for investigating the properties of the heat kernel on measure-
metric spaces equipped with a resistance form is provided by fractal spaces of the type
discussed in Section 1.1. For these sets, the high degree of symmetry allows it to be
deduced that uniform volume doubling holds, and thus the results of [41] immediately
apply. However, this uniformity of volume growth does not necessarily occur in the
random fractal setting. In [33], Hambly and Jones prove that for a class of random

recursive fractals we can do no better than to bound the measures of balls by
cosV (r)(Inr )™ < Vi(z,r) < cogV (r)(Inr 1),

where V(r) = r®, and a4, as are strictly positive constants. Note that, although in [33]

the volume growth is presented in terms of the original metric, it is straightforward
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to show that the same kinds of fluctuations occur when we consider the resistance
metric balls. This unevenness, caused by the random construction mechanism, means
that the uniform results do not apply. In fact, there is not even local (point-wise)
volume doubling in this example. In [34], Hambly and Kumagai show that the best
possible upper and lower bounds for the on-diagonal part of the heat kernel on a
random Sierpinski gasket are not asymptotically multiples of each other and also
exhibit logarithmic fluctuations.

The main purpose of this chapter is to approach the problem of having non-
uniform volume growth more generally. We make no assumptions on the specific
structure of our measure-metric space and place only weak conditions on the fluc-
tuations we use in the volume growth condition, see Section 2.2. The argument we
use follows closely that of Kumagai, [41], for the case of uniform volume doubling,
although more work is required to deal with the fluctuations. As one would expect,
by considering the problem in such generality, the results we get are not as sharp as
those obtained in specific cases. However, we demonstrate that the loss of accuracy
can only be in the exponents of the correction terms. We shall discuss this further in
Section 2.9 for some particular examples. The advantage of taking this approach is
that we are able to deduce widely applicable bounds, and a particularly nice feature
of the results we obtain is that the correction terms of the heat kernel bounds depend
on the correction terms of the measure bounds in simple, explicit ways. For example,
if we have logarithmic corrections to the measure, our results imply that there are no
worse than logarithmic corrections to the heat kernel.

The estimation of heat kernels has, of course, been of interest in various other set-
tings. Aronson, [7], derived upper and lower bounds on the heat kernel for an elliptic
operator in R™ and since then, the behaviour of the heat kernel for elliptic operators
on Riemannian manifolds has been studied extensively, see [31] for an introduction to
this area. Closely related to this, through discretisation techniques, is the estimation
of heat kernels on graphs, where for these spaces, heat kernels are most easily thought
of as the transition densities of the associated simple random walks. By considering
a graph to be an electrical network, where each edge has resistance one, then we can
define the resistance metric by taking R(x,y) to be the effective resistance between
vertices x and y. In this case, if we have uniform volume doubling in the resistance
metric, then suitable modifications of the results obtained by Kumagai for resistance
forms allow it to be deduced that the on-diagonal part of the (discrete time) heat

kernel behaves like h='(n)/n, for large n.
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For a graph, it is not always straightforward to calculate the resistance between
points, and the more natural distance to use is the shortest path length metric, d.
Furthermore, the volume growth with respect to d can sometimes be very different
from that with respect to R. For example, on the integer lattice Z2, there is uniform
volume doubling in the metric d, as the volume grows like r?, whereas in the resistance
metric, the volume grows exponentially in . Since the distance d is easier to calculate,
there has been a great deal of effort put into establishing heat kernel estimates using
knowledge of the volume growth with respect to d. As shown in [12], the information
contained by the volume growth in d is insufficient to characterise the heat kernel
behaviour, and a range of outcomes is possible. However, for fractal-type graphs the
resistance and shortest path metrics are often more closely linked, with some kind of
power law between the two holding. In fact, when the volume growth is polynomial
(in d), in [13] it is shown that double-sided (sub-Gaussian) heat kernel estimates hold
if and only if such a connection holds. The relationship between d and R is most
obvious in the case of graph trees, where the two are, in fact, identical. Consequently,
it is to fractal-type graphs and graph trees that the resistance form results are most
easily adapted.

By analogy with the random recursive fractals of [33] and [34], one might expect
that the kind of uniform volume growth that holds for many fractal-type graphs does
not hold when random variants are considered. In fact, this has already been proved
in the case of the incipient infinite cluster of critical percolation on the binary tree,
where local fluctuations of order InInr about a leading order 72 term occur in V' (z, ),
see [14]. Note that, since this structure is a graph tree, this is the volume growth
with respect to the resistance metric. In the same article, it was shown that these
measure fluctuations lead to fluctuations of log-logarithmic order in the heat kernel,
which mirrors the results of this chapter. As in the uniform volume doubling case,
it should be a matter of making simple modifications to the techniques used here for
resistance forms to exhibit fluctuation results for graphs more generally.

Of greater relevance to our situation are dendrites. For these sets, it was shown by
Kigami, [38], that any shortest path metric, d, is in fact a resistance metric for some
resistance form. Thus, for these sets, the volume growth in the original metric, d, and
in the resistance metric, R, coincides. Moreover, using the simple structure of these
spaces, under uniform volume doubling, it is also possible to obtain a lower bound
for the heat kernel of the same form as (2.3), see [41]. Although the assumptions
that make a space a dendrite are restrictive, there are many interesting examples,

including the random self-similar dendrites constructed in Chapter 1. For discussion
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of how the results of this chapter apply to these sets, see Section 2.9. An example
of particular importance is the continuum random tree, which is a random dendrite
that arises naturally as the scaling limit of various families of random graph trees. In
Chapter 3, detailed measure asymptotics are proved for this set, allowing us to apply

the results of this chapter to deduce corresponding heat kernel estimates.

2.2 Volume fluctuations

In this section, we make precise the volume growth condition that we shall presuppose
for the remainder of the chapter. First, as in the previous section, let V' be a strictly
increasing function, with V(0) = 0, that satisfies the doubling condition of (2.2). We
will define 3, := InC,/In2 to be the upper volume growth exponent, and continue
to use the notation h(r) := rV(r). Secondly, we assume that there exist volume
fluctuation functions fi, f. : [0, Rx + 1) — [0, 00| such that

HV(r) <V(z,r) < fu(r)V(r), Vee X,re[0,Rx +1), (2.5)

where V(z,r) := pu(B(x,r)), and B(z,r) is the path-connected component of the
resistance ball containing z, as in Section 2.1. Typically, we are considering the case
when the volume growth is primarily determined by V' and the functions f; and f, are
lower order fluctuations. This is formalised in the conditions given below on f; and
fu, although it is possibly more enlightening to refer to the examples in Section 2.9.
We will use the notation Vj(r), V,(r) to represent fi(r)V (r), fu(r)V(r) respectively.
Similarly, we define h;(r) = rV;(r) and h,(r) := rV,(r). The restrictions we make on

fi and f, are the following:
(i) filr)™Y fu(r) = O(r—¢), as r — 0, for some € > 0.
(ii) fi(r) is increasing, f,(r) is decreasing.
(iii) fi(r)"®, fu(r)~/* are concave on [0, 7], for some b, 7y > 0.

Here, b and ¢ are constants upon which we will place upper bounds in Sections 2.3
and 2.4. Without loss of generality, by rescaling if necessary, we can assume further
that f; <1 and f, > 1. It turns out that the ratio of f; to f, is particularly useful in
stating our main results, and we shall notate it as follows
g(r) = fr),
fu(r)
By the assumptions on f; and f,, we have that g is increasing, < 1 and g(r)™! =

O(r=*) asr — 0.
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2.3 Statement of on-diagonal results

We are now ready to present the first results of this chapter, which explain the
behaviour of the on-diagonal part of the heat kernel when the volume growth of the
previous section is assumed. The upper bound on the constants b and e, which appear

in the conditions of the volume fluctuation functions f; and f,, that we require is the

following:
1
b,e < ———. 2.6
42 + Bu) (26)
We also define 6; to be a constant that satisfies
3+2b+203,)(2 »

1—-2b(3+2b+26,)
This is an exponent that arises in the course of establishing the following on-diagonal

heat kernel bounds, which are proved in Section 2.6 as Propositions 2.6.1 and 2.6.8.

Theorem 2.3.1 There exist constants tg > 0 and co4, Co7,Cos such that

hil(t h=1(t
0, )0

ARTH®)

forallx € Xt € (0,ty). If Rx = oo then we may take ty = 0o, otherwise ty is finite.

g(h ()" < pi(z,z) < car

Remark 2.1 The bound on the right hand side of this theorem is in general strictly
worse than the bound involving hy ' (t). However, we include it here because it demon-
strates clearly that the type of fluctuations in the heat kernel are no worse than those

i the measure.

The next result shows that, if there actually are asymptotic fluctuations in the
measure of the order of f; and f,, then there will be spatial fluctuations in the heat

kernel asymptotics.

Theorem 2.3.2 If

o V() Vi(z,r)
<

OBt ey S ey < 29

" Vi) V)

x,r x,r
0 < liminf sup ———= < limsup su ’ : 2.9
0 ek V() ol aek V() (2:9)

then
t t

0 < liminf inf P2, 2) lim sup inf pi{2,2) (2.10)

e (i) P etk hoin)
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and

t t
0 < liminf sup M < lim sup sup —pt(x, z)

2.11
=0 zeXx hfl(t) t—0 zeX h;1<t) ( )

Remark 2.2 Note that we have non-trivial fluctuations in the measure if and only
if Vu(r)/Vi(r) — oo as v — 0. This is equivalent to h; ' (t)/h;1(t) — oo ast — 0,

which implies that there are non-trivial fluctuations in the heat kernel over space.

2.4 Statement of off-diagonal results

To obtain the off-diagonal heat kernel bounds we shall assume again that we have
volume growth bounded as at (2.5). We also need two extra conditions and we intro-
duce those now. We shall be slightly stricter about how the function V(r) behaves
for small r. We shall assume that there exist constants R > 0, C; > 1 such that

C\V(r)<V(2r), Vr<RY, (2.12)

and define (5, := InC;/In2, the lower volume growth exponent. Comparing this to
equation (2.2) means that we must have §; < (3,. This condition ensures that V'
increases suitably quickly near 0, and is sometimes referred to in the literature as the

anti-doubling property. We shall also tighten the conditions on b and ¢ to

B
SR EYR

and define #,, 6 and 65 to be exponents satisfying

61 Bl (3 + 2b+ 2ﬁu)(2 +Bu)
%" 27T T B 28,

0:(1+ )
b2 > 5 o,

03 = (34+2b+28,)(1+261).

(2.13)

(2.14)

(2.15)

Note that our assumptions on b and ¢ at (2.13) mean that it is indeed possible to
choose 6, satisfying (2.14). Furthermore, we can choose 6; that is consistent with
(2.7) and (2.14), we have merely added an upper bound.

Under these assumptions, we are able to deduce the following result for the off-
diagonal parts of the heat kernel. It is proved in Section 2.7 as Propositions 2.7.3
and 2.7.6. In the statement of the result we use the chaining condition (C'C'), which
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is defined as follows: there exists a constant cs 9 such that, for all z,y € X, and all
n € N, there exists {xg, z1,...,2,} C X with zg = x, x,, = y such that
R(z,y)

R(xi_q, ;) < ¢y ) Vl<i<n.
n

When this assumption holds, the following bounds show that the exponential decay
away from the diagonal differs from the uniform case by a factor that is of an order

no greater than the measure fluctuations (up to exponents).

Theorem 2.4.1 There exist constants t; > 0 and cy.10, Co.11 Such that

h~'(t)
t

pe(z,y) < c210 fl(h_l(t))_le_c“l%Q(V‘l(t/m)g?’

)

for all x,y € X, t € (0,t1), where R := R(x,y).
Furthermore, if (CC') holds, then there exist constants to > 0 and .12, C2.13 Such
that

—1
t) g(hfl (t))el o213 %Q(V_l(t/}%))_g2

h
pe(z,y) > ca10

Y

for all x,y € X, t € (0,t3), where R :== R(x,y).
Note that, if Ry = oo, then we may take t; = to = 00, otherwise t; and to are
finite.

Remark 2.3 We note that the results of Sections 2.3 and 2.4 reduce to those obtained
by Kumagai in [41] when f; is bounded away from 0 and f, is bounded above by a

finite constant. The extension of the near-diagonal lower bound of (2.4) is proved in

Lemma 2.7.4.

Remark 2.4 Choosing 01 and 0y closer to the lower bound will give tighter bounds

asymptotically.

Remark 2.5 The chaining condition is not necessary to obtain the off-diagonal upper
bound. However, as is remarked in [41], Section 5, by Kumagai, even for the case of
uniform volume doubling, the bound is not optimal in general when (CC') does not
hold, which is often. We note that the chaining condition holds most obuviously when
X is a dendrite.
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2.5 Existence of the transition density

In this section, we prove the existence of a transition density for (7)o, using a result
appearing in [30], by Grigor'yan. The key step is establishing the ultracontractivity
of the semi-group in our setting. We shall start by defining this property and the
other standard terms that will be used in this section.

A self-adjoint semi-group (P;)iso is said to be wltracontractive if there exists a

positive, decreasing function v(¢) on (0, 00) such that
1Pfllz < vy fll Vf € LHX, ) N LA(X, ). (2.16)

This property is particularly appealing for a semi-group, and as we explain below,
it immediately guarantees the existence of a transition density for (£,F). In the
resistance form setting, we show in Proposition 2.5.2 that the only condition needed
to deduce ultracontractivity is a suitable uniform lower bound on the volume of
resistance balls.

A family (p;)i>0 of u x p-measurable functions on X x X is called a (symmetric)
transition density of the semi-group (P;);~o (alternatively, of the form (€, F)) if there
exists X’ C X with u(X\X’) = 0 such that, for any bounded measurable function f,

Pf(r) = /Xpt(x,y)f(y)u(dy), Ve e X't >0,

pe(r,y) =p(y,x) Vr,ye X,t>0,

and
ps—s—t(l’»y) = / ps(%z)pt(z’y)ﬂ(d?«')» V%y € X)‘S?t > 0.
X

Similarly, a family (p;);>o of p X p-measurable functions on X x X is called a heat
kernel of (P;)¢>o if Py is an integral kernel of P, for each ¢t > 0. Clearly, this only defines
a heat kernel up to a p-null set. The extra conditions on the transition density mean
that it is defined everywhere in X and is also a heat kernel. Consequently, for an
arbitrary heat kernel our results only apply p-almost-everywhere.

Before we prove the existence of a transition density for (£, F), we state the
crucial lemma that we will apply, the proof of which relies on the Riesz representation
theorem. It should be noted that the argument we use for our main result, Proposition
2.5.2, is standard, and is similar to the proof of the heat kernel upper bound proved
in [41], Proposition 4.1. In the proof, we will utilise the following observation, which

we recall from (1.36). In particular, we have that

[f(@) = f)I* < R(z.y)e(f. f), Veye X, feFe (2.17)
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This inequality, together with the assumption that the topologies induced by R and
d are compatible, means that . C C(X), where C(X) is the space of continuous
functions on (X, d).

Lemma 2.5.1 (/30], Lemma 8.1) If the semi-group (P;)i~o is ultracontractive, then

it admits a transition density.

Proposition 2.5.2 There ezists a transition density (py)iso for (Py)i=o, and more-
over, for each t > 0, p,(x,y) is jointly continuous in x and y.

Proof: By rescaling, to demonstrate that (P;);~ is ultracontractive, it is sufficient
to check that (2.16) holds for every f € L'(X, p) N L*(X, u) with ||f|l; = 1. Con-
sequently, we take f to be a function satisfying these conditions, and we denote
fi == P.f. By standard semi-group theory, we note that f, € D(L) C F for every
t > 0, where D(L) is the domain of the generator of (F;);~o. Now observe that we

must have, for every x € X, r,t > 0,

[ 1rwlntan <1l < D1k =1
B(z,r)

Hence there must exist a y € B(z,r) such that |f;(y)| < V(z,r)"' < Vi(r)~!, where
we apply the volume bound of (2.5) for the second inequality. Combining this result
with the inequality that was stated at (2.17), it is possible to deduce that

A

UA@E < 1AW + 1) - AP
< Vilr) 2 +rE(f, o).

We now define ¥(t) := ||f:||3, which is a positive decreasing function. The above

inequality allows us to write
002 = [ fppns)
b's

/X (@) fo(a) )
< 22(Vi(r) 2+ rE(fi, f1))2,

IN

where for the final inequality we use the fact that ||f||; = 1. Applying established
results for semi-groups, we have that ¢/(t) = —2&(f;, f;). Thus the above inequality

may be rearranged to give




where we also apply the fact that ¢ (t) < ¥(¢/2). By following the proof of [41],
Proposition 4.1, we are able to deduce from this differential inequality the existence
of constants cs 14, %3 > 0 such that

-1

P(t) < 02.14hl t(t), vt € (0,t3),

which implies that in (2.16) we may take v(t) = (co14h; '(t)/t)Y/? for t € (0,t3).
Hence (P,;);>o is ultracontractive, and so, by Lemma 2.5.1, it admits a transition
density (p¢)e>o-

To prove the continuity of p; for each ¢ > 0, we first observe that p;(z,-) =
P,japij2(, -). This implies that p(z,-) € D(L) C F., and in particular we must have
E(pi(x,-),pi(x,-)) < oo. Consequently, we can apply the inequality at (2.17) and the

symmetry of the transition density to deduce the desired continuity result. 0

2.6 Proof of on-diagonal heat kernel bounds

In this section, we determine bounds for the on-diagonal part of the heat kernel.
We start with the proof of the upper bound. As is often the case, this is relatively
straightforward to obtain. It is the lower bound which requires more work and the
remainder of the section is dedicated to this. A result of interest in its own right is

Proposition 2.6.6, where we present bounds for the expected time to exit a ball.

Proposition 2.6.1 There exist constants ty > 0 and co.15 such that

h=H ) 11
; < o5 ; fl(h (t)) , Ve e X, te (0,t4).
If Rx = 00, then we may take ty = 0o, otherwise ty is finite.
Proof: The proof of the analogous upper bound in [41], Proposition 4.1, uses only
that a multiple of V(r) is a lower bound for V' (z,r). In our case, the lower bound

that is appropriate is V;(r), and we may repeat the argument to obtain

2r
oz 2) < 2 Wrelo,Ry). 2.18
Pan( )(IL’ [I)) hl<7n) re [ X) ( )

Define ty := hy(Rx). Then, for t < ty we can find r < Ryx such that t = 2h(r),
and under this parametrisation we find p;(z,x) < ca15h; '(t)/t, which is the first
inequality.

We now claim that

R(fi(r)r) < hy(r) < h(r). (2.19)
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Noting that V' is increasing and f;(r) < 1 we must have

h(fi(r)r) = fi(r)rV (fir)r) < filr)rV(r) = hu(r),

which is the left hand inequality. To prove the right hand inequality we simply note
that hy(r) = rfi(r)V(r) <rV(r) = h(r). Thus the claim does indeed hold. If we now
define r by t = hy(r), we have from (2.19) that h(f,(r)r) <t < h(r), and applying
h~! to this yields

filr)h () = filr)r <R7HE) < 7. (2.20)

With this choice of r, the upper bound on the transition density given at (2.18)
implies that

ht(t h(t
pe(z, ) < co15— t( ) < Ca15 t( >fl(7")_17
where we have applied the left hand inequality of (2.20). To complete the proof we
use the right hand inequality of (2.20) to deduce that f;(h71(t)) < fi(r). O

The aim of the subsequent four lemmas is to deduce bounds on the effective
resistance from the centre of a ball to its surface. We start by proving two lemmas
which explain how to move factors in and out of the functions V', f; and f,, and
which will be used repeatedly later in the chapter. Following this, Lemma 2.6.4 is a
version of the result proved in [11], Lemma 2.7. We show how we can bound the size
of a cover of a ball with suitably scaled smaller balls. The result of interest is easily

deduced from this estimate, and appears as Lemma 2.6.5.

Lemma 2.6.2 Let A > 1, then V(Ar) < C, AV (r).
Proof: Let n = [InA/In2] and then, using the doubling property of V', (2.2), we
have V(Ar) < C"V(27"Ar) < Co ™™ ™2V (1) = CL APV (). O
Lemma 2.6.3 There exist constants cs 16, Co.17 such that
fir) > ca16Afi(r), VA €[0,1],r € [0, Rx + 1),
fuAr) < cotACfu(r), YA €[0,1],r €[0,Rx +1).
Proof: We shall only prove the result for the f;. The result for f, is proved by

applying the same argument to 1/f,. By assumption, fll/b is concave and positive on
[0, 0] and so, for X € [0,1], r € [0, 7],

PO = AP0+ (1= N £00) = A0 ().
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Thus we have the result for r € [0,79]. Now, define fi(Ry) := lim,;z  fi(r), where
Rx := Rx + 1, which exists in (0, 1] by the boundedness and monotonicity of f;. We
also have that f(r) < fi(Rx), for every r € [0, Rx). Hence, using the result already
established for small 7, we can deduce, Y\ € [0,1],7 € [ry, Rx), that

> fl(z“o)
-~ filRx)

which completes the proof. U

Si(Ar) = fi(Aro) N fulr),

Lemma 2.6.4 Fize € (0,1/2]. For anyr > 0,z € X, we can find a cover of B(x,r)

consisting of fewer than M balls of radius er, where
M = cy159(r) ",

with co18 a constant (depending on ).

Proof: Let x; € B(z,r) and choose x,x3,... by letting x;;1 be any point in
B(x,7)\ Ui, B(zj,er). We do this until we can no longer proceed. Note that we
must have the B(x;,er/2) disjoint and also U™ B(x;,er/2) C B(z,r(1+¢/2)), where

m is the number of balls selected for the cover. It follows that

mVi(er/2) < M(UB(%,W/?))

< wu(B(z,r(14+¢/2)))
< Vulr(1+€/2)).

Now, by applying Lemma 2.6.2 and Lemma 2.6.3, we have Vj(er/2) > co19Vi(r),
and also V,(r(1 + ¢/2)) < ca90Vu(r). Hence we must have m < co15fu(r) fi(r)™! =

c2.189(1) 71, and so the assertion is proved. O

Lemma 2.6.5 There is a constant ca91 such that, for allr € [0, Rx/2),x € X,

corg(r)? < R(z, Bz, r)) <.

Proof: This result may be proved by repeating exactly the same argument as was

used in [41], Lemma 4.1, with the cover size being determined by Lemma 2.6.4. [
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We shall now prove bounds on the expected exit time of a resistance ball. For
A C X, we shall define
Th:=inf{t>0: X; & A}

to be the first exit time from A. Furthermore, in subsequent results, we use the

notation E, to represent the expectation under the measure P,,.
Proposition 2.6.6 There exists a constant co99 such that
Eo TB(aor) > C222lu(rg(r)?),  Vao € X,r€[0,Rx/2)

EQCTB(JTOJ”) < hu<7“), VJ77$0 € X,T S [O, Rx/Q)

Proof: Fix 2y € X,r € [0, Rx/2) and let B := B(xg, 7). Then, as in [41], Proposition
4.2, it may be deduced that there exists a Green kernel gg(-,-) for the process killed

on exiting B that satisfies

E(gs(x,-), 95(x, ")) = gp(z, ), (2.21)
gs(z,7) = R(z, B), (2.22)
g9s(z,y) < gp(z, ), (2.23)

E,Tp = /B g5(x,y)u(dy), (2.24)

for all z,y € X.
By the inequality at (2.17) for the function gg(zo,-), one has that

|95(20.y) — 9B (0. 20)|* < R(z0,y)E (g5 (w0, ), g5(20, ).
By using properties (2.21) and (2.22) it follows that

(1_ 95(70,Y) )2 < Lwo,9) '

g(xo,x0) ) — R(wo, B°)
Using (2.23) and the lower bound on R(z, B(zo,7)¢) obtained in Lemma 2.6.5, it
may be deduced from the above inequality that for some constant cgo3, if y €
B(wo, ¢2.2379(r)?), then gp(zo,y) > 395(xo, o). So, by the representation of E,,Ts
given at (2.24), we have

1
~R(wg, B)V (20, c2.2379(r)?)

EﬂcoTB(onJ‘) > 9
1
> 502,237“9(7’)2‘/1(02.237’9(7")2)
> 02.22]11(7"9(7“)2)7
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which proves the lower bound. For the upper bound, we proceed as in [41], Proposition
4.2, to obtain for x € X, E;Tg(z,r) < 7V (20,7), which immediately implies the result
by the volume bounds at (2.5). O

We now present a bound on the tail of the exit time distribution which will be
sufficient for obtaining the on-diagonal lower bound for the heat kernel. The extra
anti-doubling assumption we make on the volume growth for the off-diagonal bounds
will also allow us to write this bound in a way that avoids using the rather awkward

function ¢. This bound is presented in Proposition 2.7.2.

Lemma 2.6.7 There exist constants ¢z .24, C2.05, ¢4 such that
—c — T _g(qg Y (¢/r
P:):(TB(x,r) < t) < cp.4€ 229 qil(t/”g(q “ ))717 Vr € Xa (S (07 RX/Q)at > 07

where q(r) := c,g(r)*"V,(r) and v := 3+ 2b+ 20,.

Proof: The proof follows a standard pattern and involves the application of [10],
Lemma 1.1, to strengthen a simple linear bound to an exponential one. We start
by deducing the relevant linear bound. By Proposition 2.6.6, we have E,Tg ) >
co9ohi(g(r)?r), Vo € X, r € (0, Rx/2), from which we may deduce that

ExTB(x,r) > 02.26T9<r)2(1+b+ﬁu)fl (T)V(T), (225)

by using Lemmas 2.6.2 and 2.6.3, and moreover, we can assume that coo6 € (0, %)

Furthermore, we may use the Markov property of (X;):>o to deduce that
E:cTB(x,r) S t+ E$1{TB(I,T)>t}EXtTB(a:,r)- (226)
Since E; Tz, < hy(r), comparing (2.25) and (2.26) yields
Co06rg (1)) £ (MV (r) <t + P. (T > t)ha(r),

which we may rearrange to obtain

t

P, (Tpur <t) <1—cooeq(r)* T2 4 h—(r)’

our linear bound.
To get the exponential bound requires a kind of chaining argument which we

describe now. Let n > 1 and define stopping times o;, ¢ > 0, by

o9 =0, Oit+1 = inf{s >0 R(Xstoi) > r/n}
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Let ; = 0, — 0,1, © > 1. Let F; be the filtration generated by {Xs : s < t} and

Gm = Fy,,. Our linear bound gives

P.(ri1 <tG;) < Px,, (TB(Xai,r/n) <t)

S 1 — 02.269(T/n)3+2b+2ﬁu + m
= B/ 4 s

where p(r) 1= 1—co269(r)™ € (3, 1) for r > 0. By continuity, we have R(X,,, X,,,,) =
r/n and so R(Xo, X;) < r, for every ¢t € [0,0,], which means that o, = > " | 7
Ts(x,- Thus, by [10], Lemma 1.1,

IN

aPellaen <1 < 2\/ ST "
< 4 #t/n)—cz.%ng(r/n)“,

where we have used the inequality In(1 — z) < —x for x € [0, 1).

2
Let ¢, = 62626 so that ¢ is fixed. Now ¢ may be rewritten as

q(r) = co i) fulr) V(7).

Since 27, > 0 > 1 — 27y, each of the terms in the product is increasing and strictly

1

positive, with V' strictly increasing. Thus ¢ is strictly increasing and ¢~ may be

defined sensibly on the appropriate domain.
We consider first the case r > ¢~ '(¢/r). Define

nt
ng = sup{n: 8 W < caaeng(r/n)"}

= sup{n: ng '(t/r) <r}.

By assumption, we have ng > 1 and because ¢~ !(¢/r) > 0 we must also have ny < oco.

Thus
r
np < ———— < g+ 1,

q(t/r)

from which it follows that

InP,(Tpr < t) < —coor <m - 1) g(q_l(t/r))“

t

IA

—Co.o7 <q+) g(a™ (t/r))™ + caor,



which yields the result in this case. If r < ¢~'(¢/r) then
r
g (t/r)

and so we have the result by choosing ¢, 94 sufficiently large. O

glg”'(t/m)™ < 1,

We are now ready to prove the on-diagonal lower bound. In the proof, we will use
the following observation, which is an immediate consequence of Lemma 2.6.3: there

is a constant ¢y .95 such that
gAr) > 0080 g(1), VA € [0,1],r € [0, Rx). (2.27)

Proposition 2.6.8 There exists a constant co09 such that

h=l(t)

pie(T, ) > 299 g(h=' ()", Ve e X,t>0,

where 0y is chosen to satisfy (2.7).
Proof: Using Cauchy-Schwarz,

P,(Tpwr >1)° < P.(X; € B(z,r))?

(f e Z)u(dz))2

V(z,m)po(z, )
< Vu(r)pa(x, z). (2.28)

IA

We prove the result by choosing a suitable 7 in this inequality. We shall consider the
cases for small and large t separately. Define
= 0y — 2

2 ﬁu + 4b71 .
We then have 7, — 72(1 — 2by;) < 0. Noting that, if g(r) /4 0, fi(r) is bounded
below by a strictly positive constant and f,(r) is bounded above by a finite constant.
This means that we have uniform volume doubling and the result is given in [41],
Proposition 4.3. Thus we may assume g(r) — 0 as r — 0, and so we can choose
r’ < Rx /2 such that

¢ 2467@.309(7’)”_”2(1_25”1) < 1 Vr < g

. e 27 — )

where .30 1= ¢2.95C2.08. Now, define ¢’ := r'q(r'g(r')*?). For t < t' we can find r < o’/
such that t = rq(rg(r)”?), and use Lemma 2.6.7 to deduce that

_ ) — o (1—2b
P,(Tp@u <t) < Cooqe” 2B TR < 6 o2 09(0) T Tt <,

N | —
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where we have applied the inequality at (2.27) for the second inequality. Thus (2.28)
gives that poi(x,x) > 1/4V,(r). After substituting the definition of ¢ and manipulat-
ing we find that

t = corVau(rg(r)®)g(rg(r))>"
> 02.317’9(7“)91Vu(7°),

and hence po (7, 2) > co.317g(r)% /4t. We also have
t < cgrVau(r)g(r)®" < cV(r)g(r)* ! < c,h(r) < h(casar),

noting that 2y; > 1 and taking ¢y 30 = max{1, ¢,}. Consequently, A1 (¢) < ¢a32r and

SO h_l(t)

g(h=' ()™,

using that py(x, z) is decreasing in ¢. Hence we have the bound for ¢ < ¢'.

pe(x, ) > por(z, ) > o33

Before proceeding we note that rg(r)™" = O(r'=2") — 0, as r — 0, because, by
the bound on ¢ and b at (2.6), 2¢y; < 1. Therefore, we can choose 7 less than 1 such

that

c2.2579(A 1

-2

Choose t" := q(7). Now let t > ¢ and define r by ¢t = rq(r7). The right hand side of

this equation is increasing and so, because t is bounded below (by "), we can assume

C2.04€

that r is bounded below by 1. Hence applying Lemma 2.6.7 gives

—c2.25 7{1,1@/” glg=1(t/r)m

Px (TB(:I:,T) S t)

IA

C2.24€
— — T _g(qg~? 1
€2.25 q_l(t/'r)g(q t/r)/r)

IN

C2.24€

—c2.25£9(F)M

C2.24€

1

5"

IN

Hence we also have po(x,z) > 1/4V,(r) in this case, by (2.28). By bounding ¢ in a

similar way to the case t < t’ it may be deduced from this that

h~' (1)
t

pi(x,7) > coza g(h=(t))*™,

and so we have the bound in this case, because 2y; < 6;. Finally, for t € (¢,t") we

may obtain the result by choosing cs99 small enough. 0
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We conclude this section by proving the fluctuation results of Theorem 2.3.2.

Proof of Theorem 2.3.2: The left hand inequality of (2.10) and the right hand
inequality of (2.11) are immediate corollaries of Propositions 2.6.1 and 2.6.8. We now
prove the right hand inequality of (2.10). As at (2.18), we repeat the argument of
[41] to obtain

2
pQTV(x,T)(‘r?x) < V(ZE,T)7 Vo € X,T € [0, RX) (229)

Hence, because p(x,x) is decreasing in ¢, this means that

2 C2.35

] f r ) <1 f rVi(z,r ) < ’
A0 pan (@ @) < 10l Porvien (@) < S S

for all » € [0, Rx), where we use the assumption at (2.9) for the final inequality.
Setting r = h;1(t/2), we obtain inf,cx pi(x, ) < caz6hy (t)/t, which gives the result.

It remains to prove the left hand inequality of (2.11). The majority of the proof of
this consists of repeating arguments that are almost identical to those we have seen
already, and so we omit many of the details here. By the assumption at (2.8), we can
find a sequence (2, 7 )nen such that z, € X, r, — 0 and V(x,,r,) < co37Vi(r,). By
proceeding similarly to the proofs of Lemmas 2.6.4 and 2.6.5, it may be deduced that

C2.38T'n S R(l’n, B(Inarn)c) S Tn, Vn € N.
Using this result, by following the argument of Proposition 2.6.6, we find that
EanB(xn,rn) 2 C2.39hfl(7'n) Vn € N7

and
E. 1B, ) < co.37hi(ry), Vere X,neN.
Thus, by utilising the Markov property of (X;):>¢ as at (2.26), it follows that

C2.39 t
b
C2.37 C2.37hl(7“n)

P:pn (TB(mn,rn) < t) <1-

and, in particular,

P, (TB(%M) < @ﬂhl(rn» <1- €239 <1, Vn € N.
2 C2.37

The Cauchy-Schwarz equation at (2.28) applied to x,, r, and t, = ca.30h(ry,)/2 will
then imply that

C2.40 €2.40 coahy (L)
su T,%) 2 Py, (Tny Tn) = > >
xe)p( ptn( ) Pr ( ) v<xn; rn) C2.37‘/l<rn) tn
Noting that t, — 0, this completes the proof. 0
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2.7 Proof of off-diagonal heat kernel bounds

Throughout this section, we shall be assuming the extra anti-doubling condition on
the volume growth, (2.12), and the tighter upper bound on b and ¢, (2.13), that was
stated in Section 2.4. These restrictions allow us to obtain the off-diagonal estimates
stated there. We start by presenting a counterpart to Lemma 2.6.2 for small A\, which

the extra volume growth condition implies.

Lemma 2.7.1 Let A < 1, then V(Ar) < C)A\?V (r), for every r < R.

Proof: This follows a similar argument to the proof of Lemma 2.6.2. O

As is usually the case in situations similar to this, the off-diagonal upper bound is
relatively straightforward to obtain from the upper bounds for the on-diagonal part of
the heat kernel and the tail of the exit time distribution of resistance balls. However,
before proceeding with the proof of the off-diagonal upper bound, it will be useful to

write the result of Lemma 2.6.7 in a slightly clearer form.

Proposition 2.7.2 If R, = oo, let t5 = oo, otherwise fix t5 € (0,00). Then there

exist constants co 49, Co43 such that

—c I - 7))
P, (Thr < 1) < cape >v1amY Ry e X, e (0, Ry),t € (0,t5).

Proof: In Lemma 2.6.7 we obtained a bound for the relevant probability in terms of
the function ¢~ when r € (0, Rx/2). This result is easily extended to r € (0, Rx)
by adjusting the constants as necessary, and we shall take this as our starting point.
To establish the proposition, we use Lemma 2.7.1 to compare ¢~' to functions of
V~1 and g only. Recall q(r) = c,9(r)*""V,(r), and so for r < Ry, we have q(r) >

V(caaarg(r)?1/%), for some constant cg.44. Thus
Vo (t/r) 2 coaaq H(t/r)gla (2 /r)) 7, (2.30)
for t/r < q(R'). We also have the following upper bound on ¢
q(r) < cV(r)g(r)" = < ¢V (r) < V(caasr),
where cg 45 = max{(ch’l)l/ﬁl, 1}, which holds whenever ¢ 457 < R’. Thus

Vot /r) < cousq H(t/T), (2.31)
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for t/r < q(cy 45 R’). Combining the bounds at (2.30) and (2.31) we find that

— (g (/)" > o

q(t/r)

for all t/r < q(ca47RY), where g 47 1= min{c;}m, 1}. Thus we have the result when

TG

R’y = 0o0. Assume now R’y < oo and fix t5 < oco. The previous equation gives us the

result when t/r < g(co47R') and so we can assume that this does not hold. Hence

ts
Q(C2.47R'X)V_1 (Q(CQ.47RI)()) ’

and so the result will hold on choosing ¢, 4o suitably large. O

g(V=(t/r)" < Vit < ts,

Vi(t/r)

Proposition 2.7.3 We can find a tg > 0 such that the following holds: there exist
constants cg 48, Ca.49 such that, if x,y € X, t € (0,1g),

h(t)

t fz(ffl(t))716_02'49%9(‘/71“/1‘@)63

pt(ﬂ% y) < Coag

Y

where R = R(z,y). If Ry = oo, then we can take tg = 0o, otherwise tg € (0, 00).

Proof: Once we have the on-diagonal bound, Lemma 2.6.1, and the exponential
bound for the exit time distribution, Lemma 2.7.2, the proof is standard, see [9],
Theorem 3.11. 0

We now start to work towards the full lower bound. The first step is deducing a
near diagonal result using a modulus of continuity argument. This is the extension
of the result obtained by Kumagai in the uniform volume doubling case, as stated at

(2.4).
Lemma 2.7.4 There exist constants co.50, Co51 Such that, whenever x,y € X satisfy
R(z,y) < casoh ™ (t)g(h™"(t))™,

we have

pe(T,y) > cas >g(h‘1(t))“’1, vt > 0.

Proof: The proof is again standard. For any = € X, t > 0, it is known that
the transition density satisfies €(pi(x, ), pi(z,)) < pi(z,x)/t. For a proof, see [9],
Proposition 4.16. In conjunction with the inequality at (2.17), we obtain from this

that
Dt (:Ca ZU)
p .

‘pt(ﬂf,I) _pt(xay”? < R(xvy)g(pt(xv ')>pt(x7 )) < R(a:,y)
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Thus

pe(r,y) = pw,x) — |pe(x, x) — pe(, )|

> piw, ) (1_ M)

tpy(x, )

1
>
el 2pt(x7x)7

whenever 4R (z,y) < tp;(z,z). Consequently, the result may be obtained by applying

the on-diagonal lower bound obtained in Proposition 2.6.8. 0

To prove the full lower bound we shall assume the chaining condition as defined in
Section 2.4. We shall use the standard chaining argument to extend the near diagonal
lower bound to the full bound. The main complication caused by the perturbations is
in choosing a suitable number of pieces into which to break the path. The aim of the

following lemma is to check that the number that we do choose is sensibly defined.

Lemma 2.7.5 Fiz co50. Let x,y € X and t > 0. If we define N = N(x,y,t) by
R(z,y)
n

N :=inf{n e N: < casah ™ (t/n)g(h™ (t/n))"},

then N is well-defined and finite for each pair r,y € X.
Proof: Note first that h='(¢)/t = 1/V(h7(t)), so we can rewrite N as

N =inf{n e N : R(?y) < V(hle.éi/n))g(h1(t/n>>91}'

It is clear that h='(¢/n) — 0 as n — oo and so, to prove the lemma, it suffices to

show that V(r)g(r)™% — 0 as r — 0. By Lemma 2.7.1 we have
V(r)g(r)™™ < GV (rg(r)="/™),

for rg(r)=%/8% < R.. We note that, using the assumptions of Sections 2.2 and 2.4,
we have rg(r)~%/% = O(r1=2e9/8) — 0 as r — 0, and so the result does indeed hold.
O

We are now ready to state and prove the full lower bound. We now assume that
the chaining condition, (C'C'), holds.

Proposition 2.7.6 There exist constants t7 > 0 and co.53, Ca54 such that, if x,y € X,

t e (O, t7),
h=(t) )02

g(h_l (t))el 6—02.54%9(V*1(t/1%)

(e, y) > co53
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where R = R(x,y). If Ry = oo then we may take t; = 0o, otherwise t; will be finite.
Proof: Let 2,y € X and R = R(z,y). If R < cosoh L (t)g(h~1(t))% then we
have the result by Lemma 2.7.4 immediately. Thus we need only consider the case
R > cos0h™(t)g(h1(t))?*. We shall apply a standard chaining argument, using the
previous lemma to select the length of the path. Define

N =inf{n e N: % < %j;h_l(t/n)g(h_l(t/n))el}.

Lemma 2.7.5 and the assumption on R imply that N € (1,00). By the chaining

condition we can find a path x = xg,z1,...,ry = y such that

co9R
N

If we set 6 = co50h~1(t/N)g(h~1(t/N))%, then by the definition of N, this inequality

implies that R(x;_1,z;) <§/3, fori=1,...,N. Thus, if z; € B(x;,6/3), we have

R(x;—1,2;) <

i=1,...,N.

R(zi,l,zi)gé, izl,...,N,

and so we may apply the near diagonal estimate to obtain

Nh='(t/N)

; g(h=H (t/N)™. (2.32)

PN (Zic1, %) = Cas1

This is the first ingredient that we shall require to apply the chaining argument.
The other is a lower bound on the measures of the balls B(z;,d/3). Using the as-
sumption (2.5),

Vizi,6/3) = Vi(0/3)
= Vi(casoh ' (t/N)g(h™'(t/N))* /3)
> oV (RN (t/N))g(h™H (t/N)) OO, (2.33)
where we have applied Lemmas 2.6.2 and 2.6.3 to obtain the second inequality.

By using the Chapman-Kolmogorov equation for the transition densities of the

process X we obtain the following chaining inequality

N
iz, y) > / p(dzr) ... / p(dzn-1) Hpt/N<zi—17 z;).
B(z1,8/3) B(zn-1,6/3) i=1

If we then combine this with the bounds at (2.32) and (2.33) we obtain

MO g v

_ N_
X (02.5102,55g(h 1(t/N))1+91(b+ﬁu+1)) ’

pe(z,y) > cos
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where we have used the identity h='(t)/t = 1/V (h='(¢)). The definition of N and the
assumption that R > co50h~1(t)g(h~1(t))?* may be combined to give

Nh~Y(t/N)
t

0

g(h ™ (t/N))" = 3eag g(h=H ()™,

yielding
-1

t _
pt(ﬂf,y) Z C2.56 )g(h—l(t))616—02,57N(1—cg_58 Ing(h 1(t/N)))‘ (234)

To complete the argument we look for bounds on the terms involving N. Since

we know that N > 1 we can deduce, because h~1(t) is increasing,

R R N—1 C2.50 , 1 1 0
_— = > 1
NN 2 e N)g(h (/)"

which we can rewrite as

< ooV (7 (1 N))g (™ 1/ N)) (2.35)

Since g(r)~! = O(r=2¢) and 26, /6, < 1, we can find a t; > 0 such that
cagoh H(t)g(h ()P < Ry, Vit <t (2.36)

where ¢y 69 := maX{Cll/ﬁl, (Cicas9)YP}. Note that if Ry = oo we may take t; = oo.
Clearly this also implies that cog0h ' (t/N)g(h~'(t/N))~%/% < R’ for t < t;. Thus
applying Lemma 2.7.1 to (2.35) gives

t

R= V(cagoh™ (t/N)g(h™ (t/N))="/%), (2.37)

and so
g(V) < coqrg(h™ (t/N)) =20 /0, (2.38)

where V := V=1(t/R). By using this in (2.35) we find
VT (E/N) 2 epgapg(V)/ 020,

and moreover, equations (2.36) and (2.37) imply that V < R’. These facts allow us

to deduce, after some manipulation and the use of Lemma 2.7.1, that

— _ t - B ~ R )
WHUNY 2 V7 (eao g (V)0 200) > Vg (V)02
Consequently, . t
N2 02.6202,63EVg(V)WﬂzH)/(ﬁl—zbel)’
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which is equivalent to
R 00(841)/(B—2001)
N < C2.64 = g(L ) 1 t 1/, (239)

Substituting the bounds of (2.38) and (2.39) into the lower bound we established at
(2.34) yields

pe(z,y) > e 56h_l(t)g(lfl(t))916762'65%9(‘7)791(Bl“>/<5”2b91)(1*62.66lng(V))
h=(t .
> Cose t( )g(hfl(t))elefcz‘m%g(v) 92, Vt < tr,
which is the desired result. O

2.8 Local fluctuations

In [34], Hambly and Kumagai demonstrated that for certain random recursive Sier-
pinski gaskets, as well as spatial fluctuations, the heat kernel will undergo fluctuations
in time p-almost-everywhere in X. In this section, we look to generalise this result by
showing that these local fluctuations in the heat kernel result from local fluctuations
in the measure.

Again, we shall be working with the measure-metric space (X, d, 1) and the volume
function V. We shall denote the local fluctuations by fl and fu and assume that these
satisfy the same properties as did f; and f, respectively. In fact, the results proved
here may be obtained using slightly weaker assumptions, but we omit these for brevity.
We shall use Vj(r), Vi, (r), hu(r) and h,(r) to denote fi(r)V(r), fu(r)V(r), rVi(r) and
7V, (r) respectively.

For the following theorem, we impose conditions on the point-wise behaviour of
the volume growth. Since these assumptions do not imply uniform volume bounds,
we cannot establish a lower bound on R(z, B(x,r)¢) in the way we did in Lemma
2.6.5. As we need some kind of global control on this, we simply suppose that it is
bounded below by a multiple of . Note that this is a stricter condition than the one

established at Lemma 2.6.5 when we had global bounds on the measure.

Theorem 2.8.1 If

0 < liminf fo’ ) < oo, 0<limsup V~<£L‘,T)’
r—0 W(r) r—0 Vu<7")

91



and
R(z, B(z,7)°)

0 < liminf (2.40)
r—0 r
for p-almost-every x € X; then
t
lim inf 2450 _ (2.41)
=0 h-l(t)
and .
0 < limsup M 00, (2.42)
o R (o)

for p-almost-every x € X.
Proof: The bound at (2.41) is proved by applying the inequality at (2.29) in exactly
the same way as in the proof of the corresponding global bound. A similar argument
is also used to prove the upper bound of (2.42).

The assumption on R at (2.40) allows us to deduce that for p-almost-every z € X,

there exists a sequence r,, — 0 such that
ExTB(m,rn) Z 62.68;Ll(rn)7 Vn € N7

and
EyTB(:v,rn) < 02.69}~ll<rn)7 VZ/ S X7 n e N7

by following the argument of Proposition 2.6.6. The result at (2.42) follows from this
by applying the Markov property of our process and the Cauchy-Schwarz inequality
as we did for the analogous global bound. 0

Remark 2.6 Using the techniques of this chapter, it is not enough to assume that
lim sup, _o(V (x,7)/Vi(r)) < oo to establish a lower bound on p(z, ) that holds for all
small t. The problem arises because we are unable to emulate the chaining argument
that was used in Proposition 2.6.7 to establish an exponential tail for the distribution

of the exit time from a ball.

Remark 2.7 Similar to the remark made after Theorem 2.3.2, we note there are
non-trivial local fluctuations in the measure if and only if V,(r)/Vi(r) — co asr — 0.
This is equivalent to hy '(t)/h;*(t) — oo as t — 0, which implies that there are

non-trivial local fluctuations in the heat kernel.
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2.9 Examples

In this section, to illustrate the results, we look at two specific examples of correction
terms and present the conclusions for two different types of random sets. In Examples
2.1 and 2.2 we shall take V(r) = r® for some o > 0, so that 3, = 5, = «. For
simplicity, we assume that Rx = oo and the chaining condition holds. In this case,
we have V71(t) = t'/* and h™'(t) = ¢!/ Furthermore, in the case of uniform

volume growth with volume doubling, we can use the results of Kumagai to show that

Ra+1 Ra+1 )1/04

o 1/ o Y
CQ.?Ot_r“e_CQ'H( ¢ ) Spt($7y)§62.72t_r“€_02'73( t

for this choice of volume growth function.

Example 2.1 Polynomial corrections
We first discuss the case of arbitrary polynomial corrections. We shall assume

that given 0 > 0, there exist constants ¢ 74, ¢2.75 such that
62.747’(1(7’5 A1) <V(z,r) < 02,757"&(7"_5 V1), Vee X,r >0,

so that fi(r) = coza(r® A1) and f,(r) = cors(r™° VvV 1). If we set € = b = 4, then f;
and f, satisfy the conditions for the full bounds when § < a/8(3 + a)?. We can then
also choose

42+ a)?
a—85(2+ a)?

0 =42+ ), Oy = O3 = (3426 +2a)(1 +2a71),

and apply Theorem 2.4.1 to obtain that

a0y g, (RLEe ) gy g (ELTE0 )
Coel oFT e T\ 10 < pi(w,y) < copgt atie TN 41720

I

for appropriate t,z,y. We note that ¢,2060;,2005,2005 — 0 as 6 — 0, and so, by
taking 0 small enough, we can write down bounds with arbitrarily small polynomial

correction terms.

Example 2.2 Logarithmic fluctuations

Assume now that

o V(z,7) . . V(z,r)
< .
0< h{an_)lglf ;g)f( Vo) S 11I£1_?élp ;él)f( Vi) 1y < 00, (2.43)
and
. V(z,r) . Viz,r)
0<l f ————— <1 —— < 0 2.44
e A O T i S e
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for some a;,as € (0,00). As we noted in Section 2.1, this is an example that arises
naturally in the random recursive fractal setting. We have f;(r) = cago(Inr~1)7 and
fu(r) = cogi(Inr=1)%2 which satisfy the conditions for any e, b > 0. Thus, by applying
Theorem 2.4.1, we can deduce full heat kernel bounds with 6, 05, 05 arbitrarily close
to the lower bounds of

(B4+20)2+ a)(1+«)

0 > (3+2a)(2+a), O > , 03> (3+2a)(1+2a7 1),

as long as 61,05 satisfy (2.15). Thus our results show that the correction terms in
the heat kernel will be of logarithmic order. In fact, because we know the functions
explicitly, by repeating the same arguments as in previous sections more carefully, we
can improve these exponents. Theorem 2.3.2 allows us to deduce that the on-diagonal

part of the heat kernel satisfies

1 : : pt(l'7x)
0 < liminf inf —— (2.45)
t—0 zeX t—ﬁ(lnt_l),%
limsup inf ~ Pz, ) 5 < 00
t—0  *€X ¢ aiT (Int—1) " aft
and
T, T .
0 < lim inf sup — pi(@, 7) — < limsup sup _ pe(z, 1) < oo,
I e

where ag := a1 + as, and we have sharpened the exponent 6;.

Example 2.3 Random recursive Sierpinski gaskets

We now compare the above results for logarithmic corrections to those that are
known to hold for the random recursive Sierpinski gasket described in [33]. The
gasket does not satisfy the chaining condition, but since we do not need this for the
on-diagonal results, our results still apply. As noted in Section 2.1, for this gasket,
the results of [33] may be adapted to show there are fluctuations in the measure of
resistance balls of the type described at (2.43) and (2.44) for some ay,as > 0.

Our results for the asymptotics of sup,. x pi(z, z) are tight and agree with those
found in [34] by Hambly and Kumagai for these random sets. We also have that the
upper bound on inf,¢c x p;(z, x) agrees with the result proved there. We observe that
the heat kernel bounds obtained for this gasket in [32] imply that

.. . pt(l‘a J])
0 < liminf inf —aagtag

120 2€X 4= (Int=1) ™ atl
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and so the lower bound at (2.45) has a strictly worse exponent than is optimal. The
main reason for this is that, because we have not taken into account the structure of
the space, our lower bound on R(z, B(z,r)¢) is not tight. Using results of [32], we
deduce that cogor < R(z, B(x,r)¢) for this gasket, whereas Lemma 2.6.5 only allows
us to obtain cygsr(Inr=1)72% < R(x, B(x,7)°).

We note that, because cogor < R(x, B(x, 7)), the local measure results proved in
[33] may also be adapted to enable us to apply Theorem 2.8.1 to demonstrate there are
fluctuations in time for the heat kernel on this gasket with f;(r) = caga(Inlnyr=1)=®
and f,(r) = ca85(Inlnr~1)%. That fluctuations of this kind exist was first proved in
[34], and it may be readily observed that the bounds of Theorem 2.8.1 agree with the
corresponding results of that paper. Finally, as was noted in the remark following
Theorem 2.8.1, we are unable to establish a local lower bound for p;(z, x) for small ¢

in the general case, whereas, by taking into account the specific structure of the sets

involved, Hambly and Kumagai are able to do so in this particular example.

Example 2.4 Random self-similar dendrites

Supporting a resistance form, the dendrites of Chapter 1 fit neatly into the frame-
work of this chapter, and the fact that the metric R that we constructed on these
random sets is a shortest path metric means that the chaining condition is imme-
diately satisfied. Note that, by [38], Lemma 5.7, because (7, R) is compact, it is
separable, P-a.s., and so all of the conditions on the metric space that we have as-
sumed in this chapter are indeed satisfied. Moreover, if we assume that the measure of
interest is the self-similar one, p®, as introduced in Section 1.8, then this also satisfies
the conditions necessary to apply the results proved here, P-a.s. In particular, un-
der the assumptions of Theorem 1.10.3(a), we are able to obtain the full off-diagonal
bounds for the heat kernel on the dendrite with arbitrarily small polynomial correc-
tions, as in Example 2.1. Similarly, for the assumptions of Theorem 1.10.3(b), we are
able to obtain the full off-diagonal bounds with only logarithmic corrections to the
on-diagonal part and the exponential rate of decay of the heat kernel. In Chapter
3, we show that for the continuum random tree, which is a particular self-similar
dendrite (see Appendix A), global logarithmic fluctuations in the heat kernel actually

do occur, and also deduce local results similar to those of Section 2.8.
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Chapter 3

Volume growth and heat kernel
estimates for the continuum
random tree

In this chapter, we prove global and local (point-wise) volume and heat kernel bounds
for the continuum random tree. We demonstrate that there are almost-surely log-
arithmic global fluctuations and log-logarithmic local fluctuations in the volume of
balls of radius r about the leading order polynomial term as » — 0. We also show
that the on-diagonal part of the heat kernel exhibits corresponding global logarithmic
fluctuations as t — 0 almost-surely, and provide a description of the local behaviour.
Furthermore, we demonstrate that this quenched (almost-sure) behaviour contrasts
with the local annealed (averaged over all realisations of the tree) volume and heat
kernel behaviour, which is smooth. Finally, we explain how already established re-
sults about dendrites and measure-metric spaces may be applied to the continuum
random tree to construct a process, which is the Brownian motion on the continuum

random tree.

3.1 Background and statement of main results

The continuum random tree has, since its introduction by Aldous in [1], become an
important object in modern probability theory. As well as being the scaling limit of a
variety of discrete tree-like objects, see [1], [3], by a suitable random embedding into
R?, it is possible to describe the support of the integrated super-Brownian excursion
(ISE) using the continuum random tree ([4]). With growing evidence ([35]) to sup-
port the fact that the incipient infinite cluster of percolation in high dimensions at

criticality scales to the ISE, we hope that the results proved here will eventually con-
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tribute to the understanding of the asymptotic behaviour of random walks on these
lattice objects.

We shall denote by 7 the continuum random tree, which is a random set defined
on an underlying probability space with probability measure P (we shall write E for
the expectation under P). It has a natural metric, d7, and a natural volume measure,
. The existence of Brownian motion on 7, as defined in Section 5.2 of [2], has already
been proved by Krebs, who constructed a process via a Dirichlet form on 7, which
was defined as the limit of differential operators, and then Brownian motion was a
time change of this process, see [40]. We provide an alternative construction, using
the resistance form techniques developed by Kigami in [38] to define a local, regular
Dirichlet form on the measure-metric space (7,dz, ). Given this Dirichlet form,
standard results allow the construction of an associated Markov process, X = (X});>0
with invariant measure p, which we show is actually Brownian motion on 7. The
construction used here seems more natural, allowing us to define the Dirichlet form for
Brownian motion directly. Furthermore, the arguments we use to deduce our process
satisfies the properties of Brownian motion are more concise, using more recently
developed techniques for resistance forms, rather than limiting arguments.

Once a Markov process is established on 7, it is natural to ask whether it has
a transition density, and if it does, what form does the transition density take? As
discussed in Chapter 2, the current literature on measure-metric spaces equipped with
a resistance form indicates that an important part of the answer to this question is
the volume growth of the space with respect to the resistance metric. Consequently,
an understanding of this volume growth for the continuum random tree is required
for us to proceed.

It was also noted in the previous chapter that, for certain random subsets, the
kind of uniform volume growth that is often assumed does not apply. In particular,
for a class random recursive fractals, the volume of balls of radius r have fluctuations
of order of powers of Inr~! about a leading order polynomial term, 7%, [33]. With the
random self-similarity of the continuum random tree ([5], and also Appendix A), it is
reasonable to expect similar behaviour for the continuum random tree, and we shall
prove this is the case in the course of this chapter. In fact, it has already been shown
that the continuum random tree and a class of recursive fractals do exhibit the same
form of Hausdorff measure function, r*(Inlnr=1)?, with o = 2, § = 1 in the case of
the continuum random tree (see [20], Corollary 1.2 and [29], Theorem 5.2). Note that
this tells us that the Hausdorff dimension of the continuum random tree is 2 and we

will expect to see a leading order term of 72 in the volume estimates.
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Henceforth, define the open ball of radius r around the point o € T to be
B(o,r):={0": dr(o,0") <r}.

In the annealed case (Theorem 3.1.1), we calculate the volume of a ball of radius r
around the root exactly. The expression we obtain is easily seen to be asymptotically
equal to 2r2 as r — 0. In the quenched case (Theorem 3.1.2), the behaviour is not
as smooth and we see fluctuations in the volume growth of logarithmic order, which
confirm the expectations of the previous paragraph. Although it is tight enough
to demonstrate the order of the fluctuations, we remark that the upper bound for
inf e u(B(o,r)) is almost certainly not optimal (as a consequence, neither are the
corresponding lower heat kernel bounds). We conjecture that, up to constants, the

lower bound for this quantity is sharp.
Theorem 3.1.1 Let p be the root of T, then

E(uWB(p,r))=1—¢e2",  Vr>0.

Theorem 3.1.2 P-a.s., there exist constants ¢34, C3.2, 3.3, 3.4 such that

csrilngrt < sup u(B(o, 1)) < Csoriing rt,

oceT

and

3377 (1n1 7“_1)71 < ingu(B(a, 7)) < c34r*Ing Ing 7t
S

for r € (0,diam7 ), where diam7 is the diameter of (7,dr) and Inyz :=Inz V 1.

Locally, we prove the following volume bounds, which show that the volume
growth of a ball around a particular point demonstrates fluctuations about 72 of

I asymptotically. This exactly mirrors the Inlnr~! local fluctua-

the order of Inlnr~
tions exhibited by the random recursive fractals of [33]. We remark that the lim sup
result has also been proved in the course of deriving the Hausdorff measure function
of 7 in [20]. However, we include an alternative proof which applies properties of
a Brownian excursion directly. Similarly to the global case, we conjecture that the
best local lower bound for u(B(o,r)) is actually a multiple of 7?(Inln7!)~! and the

asymptotic result appearing on the left hand side of (3.1) is optimal.
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Theorem 3.1.3 P-a.s., we have

. u(B(a,7))
1 PAPA\T 1))
0< H?_%lp r2lnlnr-1 ’
and also B B
0 < limint B T))_l, liminfw < o0, (3.1)
r—=0 r2(lnlnr-1) r—0 r

for p-a.e. o €T.

The global volume bounds of Theorem 3.1.2 mean that the continuum random
tree satisfies the non-uniform volume doubling of Chapter 2, P-a.s. These results
immediately allow us to deduce the existence of a transition density for the Brownian

motion on 7 and the following bounds upon it.

Theorem 3.1.4 P-a.s., the Brownian motion X = (X;);>0 on 7T exists, and further-
more, it has a transition density (pi(o,0'))s et >0, that satisfies, for some constants

C3.5,C36,C3.7,C38, to > 0 and deterministic 01, 04,03 € (0, 00),

) A AN
pt(O', O'/) 2 C3.5t7§(1n1 til)iel eXp § —Cs.6 (7) hll (;) s (32)

) a3\ V? d\ %
pi(o,0') < csqt 3 (I t’l)l/?’ exp { —Csg (—) In, <—> , (3.3)

and

t t

forallo,0’ € T, t € (0,ty), where d :=dr(o,0’) and In; z :=Inz V 1.

This result demonstrates that the heat kernel decays exponentially away from the
diagonal and there can be spatial fluctuations of no more than logarithmic order. The
following theorem that we prove for the on-diagonal part of the heat kernel shows that

global fluctuations of this order do actually occur.

Theorem 3.1.5 P-a.s., there exist constants csg, 310, C3.11,C3.12,11 > 0 and deter-
ministic 04 € (0,00) such that for all t € (0,t),

03.9t_2/3(1n In t_l)_M < sugpt(a, o) < 03.10t_2/3(1n t_1)1/3, (3.4)
oc
csit 3 (Int™H) 0% < ;relgpt(a, 0) < ezt 2 A(Int )73, (3.5)
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Locally, the results we obtain are not precise enough to demonstrate the P-a.s.
existence of fluctuations. However, they do show that there can only be fluctuations
of log-logarithmic order, and combined with the annealed result of Proposition 3.1.7,

they prove that log-logarithmic fluctuations occur with positive probability.

Theorem 3.1.6 P-a.s., for p-a.e. o € T, there exist constants c3i3,c314, to > 0
such that for all t € (0,t5),

ot (Il )™ < py(0.0) < carat (it ),
and also

L pi(o,0)
hIt][LlOnf t=2/3(InIn¢-1)-1/3

< 00.

The final estimates we prove are annealed heat kernel bounds at the root of 7T,

2/3

which show that the expected value of p;(p, p) is controlled by ¢~%/° with at most

O(1) fluctuations as t — 0.

Proposition 3.1.7 Let p be the root of T, then there exist constants ¢35, C3.16 Such
that
caast P < E(pilp, p)) < caast %, V€ (0,1).

At this point, a comparison with the results obtained by Barlow and Kumagai
for the random walk on the incipient cluster for critical percolation on a regular tree,
[14], is pertinent. First, observe that the incipient infinite cluster can be constructed
as a particular branching process conditioned to never become extinct and the self-
similar continuum random tree (see [2]) can be constructed as the scaling limit of a
similar branching process. Note also that the objects studied here and by Barlow and
Kumagai are both measure-metric space trees and so similar probabilistic and analytic
techniques for estimating the heat kernel may be applied to them. Consequently,
it is not surprising that the quenched local heat kernel bounds of [14] exhibit log-
logarithmic differences similar to those obtained in this chapter and furthermore, the
annealed heat kernel behaviour at the root is also shown to be the same in both
settings. It should be noted, though, that the volume bounds which are crucial
for obtaining these heat kernel bounds are proved in very different ways. Here we
use Brownian excursion properties, whereas in [14], branching process arguments are
applied. Unlike in [14], we do not prove annealed off-diagonal heat kernel bounds.
This is primarily because there is no canonical way of labelling vertices (apart from

the root) in the continuum random tree.
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3.2 Preliminaries

3.2.1 Normalised Brownian excursion

An important part of the definition of the continuum random tree is the Brownian
excursion, normalised to have length 1. In this section, we provide two characterisa-
tions of the law of the normalised Brownian excursion, which may be deduced from
a standard Brownian motion on R. We shall denote by B = (B;):>o a standard,
1-dimensional Brownian motion starting from 0 under P.

We begin by defining the space of excursions, U. First, let U’ be the space of
functions f : R, — R, for which there exists a 7(f) € (0, 00) such that

ft) >0 & t € (0,7(f)).

We shall take U := U’ N C(R,, R, ), the restriction to the continuous functions con-
tained in U’. The space of excursions of length 1 is then defined to be the set
UN ={feU: 7(f) =1}

Our first description of the law of W involves conditioning the Ito excursion law,
which arises from the Poisson process of excursions of B. Since this law has been
widely studied, we shall omit most of the technicalities here. For more details of
excursion laws for Markov processes, the reader is referred to [52], Chapter VI.

Let L; be the local time of B at 0, and L; ' := inf{s > 0 : L, > t} be its right
continuous inverse. Wherever Lt_,1 # L', we define ¢, € U to be the (positive)
excursion at local time ¢. In particular,

1B -1, 0<s<L;'—L ",
als) = { 0, s> L7 —L7h
The set of excursions of B is denoted by I := {(¢,e;) : L, # L;'}. The key idea is
that TT is a Poisson process on (0,00) x U. More specifically, there exists a o-finite

measure, n, on U such that, under P,
d
#(ILN-) =N (),

where N is a Poisson random measure on (0, 00) x U with intensity dt n(df). Bearing
this result in mind, even though it has infinite mass, the measure n can be considered
to be the “law” of the (unconditional) Brownian excursion.

We now describe the procedure for conditioning this measure. For ¢ > 0, the
re-normalisation operator A.: U — U is defined by

A(f) () = %/ﬂcw, V>0, feU.
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Clearly, if f € U, then Ay p(f) € UY. For a measurable A C UM, define the
probability measure n(!) by

n (M- (f) € A,7(f) > 1)
n(r(f)>1)

A UW valued process which has law n") is said to be a normalised Brownian excur-

nW(A) :=

n (Arp) () € Al 7(f) > 1).

sion.

Our second description of the law of the normalised Brownian excursion is as the
law of the normalised excursion straddling a fixed time. In fact, this description also
allows an explicit construction of the normalised Brownian excursion, which we shall
denote W = (Wy)o<t<1. First, fix T > 0 and set Gp := sup{t < T : B; = 0},
Dy :=inf{t > T : B, = 0}, which are not equal, P-a.s. The excursion straddling T’

is then

0, t>DT_GT7

which takes values in U, P-a.s. We can normalise Z to have length 1 by setting

Z, ,:{ | BGytt) 0<t<Dr—Gr,

W = Ap,_g,(Z), which takes values in UM, P-a.s. By comparing the density
formula for (Gr, Dr, (Z;)i>0) of [18], Theorem 6, with the finite dimensional density
of n(V (see [51], Chapter XII), it is elementary to show that the process W has the
law V), and so the two descriptions of the law of the normalised Brownian excursion

are equivalent.

3.2.2 Continuum random tree

The connection between trees and excursions is an area that has been of much recent
interest. In this section, we look to provide a brief introduction to this link and also
a definition of the continuum random tree, which is the object of interest of this
chapter.

Given a function f € U, we define a distance on [0, 7(f)] by setting

de(s,t) :== f(s)+ f(t) —2mg(s, 1), (3.6)
where my(s,t) == inf{f(r) : r € [sAt,sVt]}. Then, we use the equivalence
s~ t & de(s,t) =0, (3.7)

to define 7; := [0,7(f)]/ ~. We can write this as 7y = {0, : s € [0,7(f)]}, where

o := [s], the equivalence class containing s. It is then straightforward to check that
dr, (05, 01) = dy(s,1),
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defines a metric on 77, and also that 7 is a dendrite, as defined in the introduction
of this thesis. Furthermore, the metric dz; is a shortest path metric on 7, which
means that it is additive along the paths of 7;. The root of the tree 7; is defined to
be the equivalence class oy and is denoted by p;.

A natural volume measure to put on 7; is the projection of Lebesgue measure on
[0, 7(f)]. For open A C Ty, let

pp(A) = A({t €[0,7()]: o € A}),

where, throughout this chapter, A is the usual 1-dimensional Lebesgue measure. This
defines a Borel measure on (7, d7;), with total mass equal to 7(f).

The continuum random tree is then simply the random dendrite that we get when
the function f is chosen according to the law of the normalised Brownian excursion.
This differs from the Aldous continuum random tree, which is based on the random
function 2W. Since this extra factor only has the effect of increasing distances by a
factor of 2, our results will still apply to Aldous’ tree. In keeping with the notation
used so far in this section, the measure-metric space should be written (7w, dz,,, pw ),
the distance on [0, 7(W)], defined at (3.6), dw, and the root, py,. However, we shall
omit the subscripts W with the understanding that we are discussing the continuum
random tree in this case. We note that 7(W) = 1, P-a.s., and so [0,7(W)] = [0, 1]
and g is a probability measure on 7, P-a.s. Finally, it follows from the continuity of
W that the diameter of 7, diam7, is finite P-a.s.

3.2.3 Other notation

The §-level oscillations of a function y on the interval [s,¢] will be written as

osc(y, [s,],0) == sup |y(r) —y(r')].
r,r’ €[s,t]:
[r'—r|<é

We shall also continue to use the notation introduced in Theorems 3.1.2 and 3.1.4,

Injz:=Inx V1.

3.3 Annealed volume result at the root

The annealed volume result that we prove in this section follows easily from the

expected occupation time of [0,r) for normalised Brownian excursion.
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Proof of Theorem 3.1.1: By definition, we have that

w(Blp;r)) = As: dr(os,00) <1})
= A{s: Wy <r})

1
_ / Loy ds. (3.8)
0

An expression for the expectation of this random variable is obtained in [22], Section

3, giving
E (u(Blp.1))) = | dac*da
0

This integral is easily evaluated to give the desired result. 0

Remark 3.1 The characterisation of u(B(p,r)) at (3.8) has as a consequence that
the asymptotic results of Theorem 3.1.3 also apply to the time spent in [0,7) by the

normalised Brownian excursion as r — 0.

3.4 Brownian excursion properties

In this section, we use sample path properties of a standard Brownian motion to
deduce various sample path properties for the normalised Brownian excursion. The
definitions of the random variables B, L; ', II, Z and W should be recalled from
Section 3.2.1.

Lemma 3.4.1 P-a.s.,
lim su OSC(Wa [07 1]7 5)
im0 V/omol

Proof: From Levy’s 1937 result ([43], Theorem 52.2) on the modulus of continuity
of a standard Brownian motion, B, we may easily obtain

lim sup osc(B, [s,t],0)

5—0  Volnst
For (t,e;) € II, we have that osc(e;, Ry,0) = osc(B, [L; !, L;'],8). Consequently,
(3.9) implies that e; € A, for all (¢,e;) € II, P-a.s., where
. osc(f,Ry,0)
A= {fEU: llr?jélpW <oo},

Hence P(N((0,00) x A°) > 0) = 0, where N is the Poisson process with intensity
dt n(df), as described in Section 3.2.1. This means that 0 = [;* n(A)dt, whence
n(A°) = 0. Since A is invariant under the re-normalisation of excursions, it follows
that n(V(A°) = 0. Since n(V) is the law of W, this completes the proof. O

oo, V0<s<t<oo, P-as. (3.9)
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Lemma 3.4.2 P-a.s.,

inf _ W, [t, t+6],0
lim sup infreo,1-9 05c(W I£, ¢ + 9], 9) < 00. (3.10)
50 O(lno—1)-t

Proof: We start by proving the corresponding result for a standard Brownian motion.

Fix a constant c3 17 and then, for n > 0,

F ( Jinf ose(B,[j27", (j+1)27"),27) > 03-172_3”_5)
7=0,...,2™

1

- P (osc(B, 27" (G +1)27],27") > 172 3073, j=0,...,2" — 1)
n 1 2n
- P (osc(B, 0,27],27") > c3_172—5n—5) ,

using the independent increments of a Brownian motion for the second equality. The

probability in this expression is bounded above by

_¢c3.19"n

4
p < sup |Byf > o ) =P (TBE(O,l) = 2_n> <1—czize Gar,
te c

n 1
[0,2-7] 215 n2 3.17

for some constants c3 g, c3.19, Where T, 0,1y Tepresents the exit time of a standard
Brownian motion from a Euclidean ball of radius 1 about the origin. The distribution
of this random variable is known explicitly, see [19], and the above tail estimate is
readily deduced from the expression given there. Using the fact that 1 — z < e™* for

x > 0 and summing over n, we have

-----

€3.19M

o0 —
< —2"c3.18€ <37
— € Y
n=0

which is finite for c317 chosen suitably large. Hence Borel-Cantelli implies that, P-a.s.,
there exists a constant c3 0 such that

_nf - ose(B.[j27 (j+1)27.27) < 3202 2072, Vn > 0.
‘7: yeuns n__

Let § € (0,1], then § € [27("*1 27"] for some n > 0. Hence

inf osc(B,[t,t+],0) < inf  osc(B,[t,t+27"],27")
te[0,1—6] t€[0,1-27"]

inf osc(B,[j27", (j +1)27"],27")
j=0,...,27 —1

IN

_n _1
C3.20272M 2

C3.21V (S(h’l 571)71,
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which proves (3.10) holds when W is replaced by B. By rescaling, an analogous result
holds for any interval with rational endpoints. By countability and a monotonicity

argument, this is easily extended to P-a.s.,

infyep. o B, [t,t+9],0
limsupln telrs=a) 5B, [, + 9], 9) < 00, VO<r<s<oo.
5—0 d(lno—1)-t

Applying a similar to argument to that used in the proof of Lemma 3.4.1, the result
for excursions may be deduced from this by using the Poisson process of excursions

and rescaling. 0

Lemma 3.4.3 P-a.s.,

. (Wips — Wi }
At e |0,1]: limsup ———— < o0 p = 1.
{ 0,1] (pop vVolnln ot

Proof: An application of Fubini’s theorem allows it to be deduced from the law of

the iterated logarithm for the standard Brownian motion, B, that

: | Bi+s — By }
At >0: limsup ————= > 1, =0, P-a.s.
{ - 5—>0p\/5ln1n5*1

For Z, the excursion straddling 7', this implies

: | Zi 15 — Z4 }
Ate |0,Dr — Gr|: limsup —= > 1
{ [ g 7] 50 P volnlno—1!

. |Biys — By
= Ate|Gp,Dr|: limsup ——— >
{ (Gr, Dr 6—>0p\/5lnln5—1

The result follows easily from this using the normalisation W = Ap,_¢,.(Z), which

1} =0, P-a.s.

we have by construction. O

Lemma 3.4.4 P-a.s.,

. 3 Lowiesydt
1 JO TAROr T
H?jélp 02Inlnd—?

Proof: Letting Z be the excursion straddling 7" and using the notation L := Dy —

Gr, we can rewrite the moments of the time spent below level § by the normalised

L>)

Brownian excursion as follows. For k > 0,

1 k L
E <(/ 1{Wt<5}dt) > = E (L_kE ((/ 1{Zt<5\/Z}dt)
0 0
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The conditional expectation in this expression was shown in [18], Theorem 9, to be
bounded above by (k+ 1)!L*§%*. Hence we have an upper bound of (k+ 1)!6% for the

non-conditional expectation. Thus, summing over k, this yields, for 6 € [0,1), 6 > 0,

g (k4 1)16% 1
6o fO 1{Wt<6}dt < ( — ) )
E (e ) = ; k! (1-6)2 (3:11)

Hence, for § € (0,1), 0y := e ¥,

f:P Jo Liwi<adt 22
— o2 lnlnékfl -0

IN

oo

-2 rl -1
ZE (69% Jo 1wy <5,y dt—2Inln s, )
k=0

1 o0
L k2.
S Tk

Since this is finite, the Borel-Cantelli lemma implies that

1
1 dt
lim sup —fo (Wi <oi}

< 00, P-a.s.
koo 07Inlnd;!

The lemma follows from this by a monotonicity argument. O

Lemma 3.4.5 P-a.s.,

S Wiie — W,
Aqte0,1]: liminf Wociosy [Wes ! <oop =1
§—0 d(Inlné—1)—1

Proof: In, [50], Section 6, Orey and Taylor prove that

su B,
lim inf pse[0’6]| | — P-as..

§=0 S(Inlno—1)~1 22’

By applying Fubini’s theorem and rescaling, as in the proof of Lemma 3.4.3, the

lemma follows. O

3.5 Global upper volume bound

In this section, we prove a global upper volume bound for 7. The three main in-
gredients in the proof are the modulus of continuity result proved in Lemma 3.4.1, a
bound on the tail of the distribution of the volume of a ball about the root, and the

invariance under random re-rooting of the continuum random tree. We shall apply
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this final property repeatedly in later sections. For example, in the local upper vol-
ume bounds of Propositions 3.7.1 and 3.7.2, we proceed by investigating the volume
of a ball around the root, p. Random re-rooting then allows the asymptotics we ob-
tain at the root to be extended to p-a.e. o in 7. Before proving the main result of
this section, we define precisely what we mean by re-rooting and state the invariance
result that we will use.
Given W and s € [0, 1], we define the shifted process W) = (Wt(s)>0§tgl by
W(S)_:{W5+Ws+t—2m(s,s+t), 0<t<1l-s
Lo W+ Wy —2m(s+t—1,s), 1-s<t<l1.
The following lemma tells us that, if we select s according to the uniform distribution
on [0, 1], independently of W, then the shifted process has the same distribution as

the original, see [2], Section 2.7 for further discussion of the result.

Lemma 3.5.1 If W = (W,)o<i<1 is a normalised Brownian excursion and U is an

independent U|0, 1] random variable, then W) has the same distribution as W .

Written down in terms of excursions, it is not immediately clear what this result is
telling us about the continuum random tree. Heuristically, it says that the distribution
of the continuum random tree is invariant under random re-rooting, when the root is
chosen from 7 so that it has law p. Note that, similarly to (3.8), from the definition
of the shifted process W) it may be deduced that, for s € [0, 1],

1
p(B ) = [ Lyt
0

From this expression, it is easy to deduce from the previous lemma that, if U is a
U|0, 1] random variable independent of W, then (u(B(oy,r))).>0 is equal in distri-
bution to (u(B(p,7)))r>0-

Before proceeding with the main result of this section, we prove an exponential

tail bound for the distribution of the volume of a ball of radius r about the root.
Lemma 3.5.2 There exist constants c3.a2, 303 such that, for all r >0, > 1,

P (,U(B(p, T)) > 7‘2/\) < 63226_63'23)‘_

Proof: This estimate is a straightforward application of the inequality at (3.11), for

it follows that, for all 8 € (0,1),

67A9

P (u(B(p,r)) > r2)\) <E (eer—Qu(B(p,r))—0A> < e
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Proposition 3.5.3 P-a.s., there exists a constant c3o4 such that

sup u(B(o,7)) < c3our*Ingr™t,  ¥r € (0,diamT).
oeT

-1

Proof: In the proof, we shall denote r, := e™", §, := r2(In; r;')~!, and also write

g(r) := r*In; r~'. Furthermore, we introduce the notation, for A € (0, 1], ny € N,
Ax(ng) := {osc(W, [0, 1], A6,) < 7y, YN > ng},

which represents a collection of sample paths of W which are suitably regular for
our purposes. We will start by showing that the claim holds on each set of the
form Ay, (ng). Until otherwise stated, we shall assume that A and ng are fixed. Now,

consider the sets

B, = {ilel’IT)M(B(O-’ Tn)) > 03,259(7“”)} N Ax(no),

where n > ng, and c3.95 is a constant we will specify below. Clearly, on the event B,
the random subset of [0, 1] defined by

Z,:={te€[0,1] : |t —s| < AJ, for some s € [0, 1] with u(B(os,7)) > c3.259(rn)}

has Lebesgue measure no less than Ad,. Thus, if U is a UJ0,1] random variable,
independent of W, then

P(U € I,, B,) =E(PU € I,[W)lz,) > A6, P(B,).

Moreover, on the event {U € Z,} N B, there exists an s € [0, 1] for which both
U — s| < A\, and pu(B(0s, 7)) > c3259(ry) are satisfied. Applying the modulus of
continuity property that holds on Ay (ng), for this s we have that dr(os,0p) < 3rp,
and so pu(B(oy,4r,)) > c3259(r,). Hence the above inequality implies that

M, P(B,) < P (u(B(oy,4rn)) > c3259(0))
= P (u(B(p,4r,)) > c3259(rn))

—c3.23¢3.251 /16
< c3a2€ /6

where we have applied the random re-rooting of Lemma 3.5.1 to deduce the equality,
and the distributional tail bound of Lemma 3.5.2 to obtain the final line. As a

consequence, we have that

Z P(Bn) < 03.22)\_1 Z n62”€_c3.2303.25n/16’

n>ng n>ng
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which is finite for ¢3 95 chosen suitably large. Appealing to Borel-Cantelli and applying

a simple monotonicity argument, this implies that P-a.s. on Ay(ng)

B
lim sup SuPoer UB(0,7)) < o0.

r—0 r2ln, r—1!

By countability, the same must be true on the set Ay := U,>1A\(n). Thus, to deduce
the proposition, it remains to be shown that we can choose this set to be arbitrarily
large. However, this is a simple consequence of the sample path property of the

Brownian excursion that we proved in Lemma 3.4.1. In particular,

P(AS) = P(osc(W,[0,1],Ad,) > r, i.0.)

' osc(W,[0,1],4) C3.26)
< P/(limsu > ;
- ( 5_>op Voot T V)

for some constant ¢3¢ that does not depend on \. Letting A — 0, this probability

converges to

p (hmsu osc(W,[0,1],0) OO)
ol ool ’

which is equal to 0 by Lemma 3.4.1. This completes the proof. O

3.6 Global lower volume bounds

In this section, we prove global lower bounds for the volume of balls of the contin-
uum random tree. The estimates are simple corollaries of the excursion modulus of

continuity results proved in Lemmas 3.4.1 and 3.4.2.

Proposition 3.6.1 P-a.s., there exists a constant c3o7 such that

inf p(B(o,r)) > cz0mr? (Iny 7‘_1)71 ., Vre(0,diamT7).

oeT

Proof: For s € [0,1],7 > 0, define
ay(s,r) :=inf{t > 0: |Weyy — Wy| > r},

ai(s,r) :==inf{t > 0: |W, — Ws_4| >},

where these expressions are defined to be 1—s, s if the infimum is taken over an empty
set, respectively. From the definition of d at (3.6), it is readily deduced that d(s,t) < r
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forall t € (s —ay(s,7/3), s+ ay(s,r/3)), from which it follows that dr (o, 0;) < r for

all ¢ in this range. Hence
w(B(os,r)) > au(s,r/3) + ay(s,r/3). (3.12)

We now show how the right hand side of this inequality can be bounded below,
uniformly in s, using the uniform modulus of continuity of the Brownian excursion.

By Lemma 3.4.1, P-a.s. there exist constants ¢z 28,1 € (0,1) such that
OSC(W, [0, 1], 5) < c398V01In 5_1, Yo € (0, 77) (313)

Set 11 = 3cz084/n 0yt and then, for r € (0,7), it is possible to choose § = §(r) to
satisfy r = 3¢305V/0Ind-1. It follows from the inequality at (3.13) that if r € (0,7)
and |[W, — Wi| > r/3, then |s —t| > § > c3997° (In 7“*1)_1, where c3 99 is a constant
depending only on c398 and 7. By definition, this implies that

(s,7/3) > c3.907° (ln r_l)fl As, vy (8,7/3) > 3907 (ln?"_l)*1 A(1—=s),

for all s € [0,1], r € (0,71). Adding these two expressions and taking a suitably small

constant, we obtain that P-a.s., there exists a constant c3 39 such that

inf (ou(s,7/3) + o (s,7/3)) > c330r” (Iny r_l)fl ., Vre(0,diam7),

s€[0,1]

where we use the fact that diam7 is P-a.s. finite. Taking infima in (3.12) and

comparing with the above inequality completes the proof. 0

Proposition 3.6.2 P-a.s., there exists a constant c331 such that

sup u(B(o,7)) > c3zir?Ingr™t,  V¥r € (0,diamT).
oeT

Proof: By following an argument similar to that used in the proof of the previous
proposition to transfer the excursion result to a result about the volume of balls in

the CRT, the proposition may be deduced from Lemma 3.4.2. 0
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3.7 Local volume bounds

In this section, we prove the local volume growth asymptotics of Theorem 3.1.3 using
the properties of the normalised Brownian excursion that were derived in Section 3.4.

We also complete the proof of the global volume bounds of Theorem 3.1.2.
Proposition 3.7.1 P-a.s., we have

B
0< limsupM <

3.14
r—0 TZ ln ln 7’71 %0 ( )

for p-a.e. o € 7T.
Proof: We shall start by proving the lower bound. Since the argument is close to
that of Proposition 3.6.1, we omit some of the details. Now, if ¢ € [0,1) is a point

which satisfies
SUPse(o,6] (Wiss — Wil

lim inf
§=0 d(Inlné—1)—t

then it may be deduced, using a similar argument to Proposition 3.6.1, that

. M(B(o-h T))
1 MPNT 1))
H,rnl_?oup r2lnlnr—1

?

> 0.

Thus
B
wsoeT: limsupw>0
r—o r2lnlnr-!
B
= Aqteo,1]: limsupM >0
oo rT2Inlnr-1

su Wis — W,
- A{te[(),l): lim inf Pacfos [Wer i }

§—0 d(Inlno—1)—1

Since, by Lemma 3.4.5, the last line is equal to 1, P-a.s., the proof of the lower
estimate is complete.
We now prove the upper bound. Recall from (3.8) that u(B(p,r)) = fol 1w, <rydt.

Hence, P-a.s.,

1
B 1w, < dt
lim sup —M( (90, 7)) = lim sup —fo Wi<r}

d
r—o - r2ndnrt r—0  r?Inlnr-t < 9% (3.15)

by Lemma 3.4.4. This gives us the desired result at the root.
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Setting g(r) = r?Inlnr~! and letting U be a U[0, 1] random variable, independent,

of W,
E (,u{a e7: lirijp% < oo})

1
= E (/\{S €1[0,1]: limsupg(r)_l/ Ly g dt < oo})
0 t

r—0

1
N E(/o l{limsupmog(”1f011{wt(3><r}dt<oo}ds)

1 1
— ; -1 —
= /O P <hm sup g(r) /0 ]_{Wt(U)<r}dt <ooU = s) ds

r—0

1
= P (limsupg(r)l/ Loy, dt < oo)
0 t

r—0

1
= P (lim sup g(r)l/ Liw,<npdt < oo)
0

r—0
=1

Y

where we use the random re-rooting of Lemma 3.5.1 for the penultimate equality and
the result at the root, (3.15), for the final one. The upper bound follows. O

Proposition 3.7.2 P-a.s., we have
(B(o,r))

B
0 < liminf H(Blo, 7‘))717 liminf N0 (3.16)
=0 r2(Inlnr-1) r—0 72

for p-a.e. o €T.

Proof: The proof of the left hand inequality is essentially the same as the proof of
the lower bound of the previous proposition, with only a few minor changes needed.
The key observation is that, if s € [0, 1] satisfies

5—0  Volnlnd—1!

then, again using an argument similar to that of Proposition 3.6.1, it may be deduced
that

(3.17)

To complete the proof it is then enough to note that, by the local modulus of conti-
nuity result of Lemma 3.4.3, (3.17) holds for a subset of [0,1] with Lebesgue measure
1, P-a.s.
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We now prove the right hand inequality. By Fatou’s lemma and the expression
for the expected volume of a ball around the root of 7, Theorem 3.1.1, we have

E (liminf M) < limint EWBRT)) _ o

r—0 r2 r—0 r2

Hence

lim inf a 0, P-a.s.,
r—0 ’[“2
which is the result at the root. The proof may be completed by applying random

re-rooting, as in the proof of the upper bound of Proposition 3.7.1. O

Proof of Theorem 3.1.2: Propositions 3.5.3 and 3.6.2 contain the upper and lower
bounds for sup u(B(o,r)) respectively. The lower bound for inf p(B(o, 7)) was proved
in Proposition 3.6.1; the upper bound follows easily from the local upper bound at
(3.14). O

3.8 Brownian excursion upcrossings

To complete the proofs of the heat kernel bounds in Sections 3.9 and 3.10, as well

as the volume estimates we have already obtained, we need some extra information

about the local structure of the CRT. This will follow from the the results about the

upcrossings of a normalised Brownian excursion that we prove in this section.
Henceforth, we define, for f € U,

NP(f) := #{upcrossings of [a,b] by f}

and N? := N°’(W) to be the upcrossings of |a,b] by the normalised Brownian excur-
sion. Also, for f € U, define h(f) := sup{f(t) : t > 0}, the height of the excursion
function. It is well known, (see [51], Chapter XII) that the tail of the “distribution”
of h(f) under n is simply given by

n(h(f) > z) = i Vz > 0. (3.18)

We now calculate the generating function of N2°(f) under the probability measure

n(-| h(f) > §). Notice that the expression we obtain does not depend on 4.
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Lemma 3.8.1 Forz<2,6 >0,

1

(D h(f) 2 6) = 5—.

Proof: Suppose X = (X;);>0 is a process with law n(:| h(f) > J), then by Neveu
and Pitman’s result ([49], Theorem 1.1), about the branching process in a Brownian
excursion, the process (N2+°(X)),>o is a continuous time birth and death process,
starting from 1, with stationary transition intensities from i to ¢ & 1 of i/d. Stan-
dard branching process arguments (see [8], Section 3) allow us to deduce from this

observation that

bz —x(2—1) ‘v’z<x+5

BNy 2 T ) rtro
(2 ) d—x(z2—1)" )

The result follows on setting = . O

In the proof of the following result about the tail of the distribution of N2°(f),
we shall use a result of Le Gall and Duquesne that states that the set of excursions
above a fixed level form a certain Poisson process. We outline briefly the result here,
full details may be found in [21], Section 3.

Fix a > 0 and denote by («;, 5;), 7 € J, the connected components of the open
set {s >0: f(s) > a}. For any j € J, denote by f? the corresponding excursion of
f defined by:

fi(s) = flaj +s)ABj) —a, s>0,

and let f* represent the evolution of f below the level a. Applying the Poisson
mapping theorem to [21], Corollary 3.2, we find that under the probability measure
n(-| h(f) > a) and conditionally on f, the point measure

> dp(df)
JjeTJ
is distributed as a Poisson random measure on U with intensity given by a multiple

of n(df"). The relevant scaling factor is given by the local time of f, which we shall

denote by 1. Note that this is a measurable function of fo.

Lemma 3.8.2 Forz € [1,2),e>0, 6 € (0,6/2),

n(NP(f) 2\ h(f) 2 ¢) < % YA > 0.
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Proof: For brevity, during this lemma we shall write h = h(f) and / = h(f7), where
f7, 7 € J are the excursions above the level §. Note that it is elementary to show

that the quantity N2 (f) also counts the number of excursions of f above the level §
which hit the level 20. Thus

NP(f) = #{jeT: W =6}
= #jeT - Weclhe-0)}+#{jecT: W>e—6}

We shall denote these two summands N, and N,, respectively. From the observation
preceding this lemma that the excursions above the level § form a Poisson process
on U and the fact that the sets {h € [0, —0)} and {h > ¢ — ¢} are disjoint, we
can conclude that the Ny and N, are independent under the measure n(-| h > 0) and
conditional on f?. Furthermore, we note that h > ¢ if and only if N, > 1. Hence, for
z € (0,1],

n(zN‘?é(f)l{hzs} | h > )
- n(n(le+N21{N221} | JE57 h>0)|h>9)
= n(n(" | O, h >0z 1y | 2, h > 0) | h > 6). (3.19)

Since on the set {h > ¢}, and conditional on f5, N; and N, are Poisson random
variables with means I°n(h € [§,—6)) and I°n(h > e—0) respectively, it is elementary

to conclude that
n(le | f(S)h > (5) _ efl‘sn(he[&z-:fé))(lfz)

Y

and also
n(zN21{N221} | f§7 h > (5) _ e—l‘sn(hza—zs)(l—z)(l . e—l‘sn(hza—z?)z)'

Substituting these expressions back into (3.19) and applying the formula for the
excursion height distribution that was stated at (3.18), it follows that

n(ZNgé(f)l{hzs} | h > 5) _ n<€715(17z)5—1 ]h > 5)

—n(e PIO=2 420 | > 5) - (3.20)

Now, by [21], equation (13), I9 satisfies n(1 — e=*") = A\(1 + Ad)~!, for A > 0. Thus
ne™ | h>6) =

1
14X’
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which confirms the well-known fact that under n(-|h > §), I° behaves as an exponen-
tial, mean §, random variable. Returning to (3.20), this fact implies that

1 1
2— 2 2—z+062(e—0)""
By a simple analytic continuation argument, we may extend the range of z for which
this holds to [0,2). Finally, for z € [1,2), we have that, because § < £/2,

n(ZN§6(f)1{h25} | h > (5) —

n(NP(f) 2 M\ h(f) 2 e) < n(™ D)
= (D gsg [ B> S)n(h > 8)27

1 1 1
o \2—2 2—z+6z2(e—6)!
2z1—)\
(2 —2)%’
which completes the proof. O

IN

We now reach the main results of this section, which give us an upper bound on
the upcrossings of [0,44] by the normalised Brownian excursion for small ¢ and also

a distribution tail estimate.

Proposition 3.8.3 P-a.s.,

44

li J
H?_S,(l)lp Inlno—1!

< 00.

Proof: Fix z € (1,2), € € (0,1) and let A be a constant. Then, taking my suitably

large, we have by the previous lemma that

0o - o0 2m(17)\) Inz
Z n(Ny-m (f) = Alnm, h(f) >¢) < Z (2 2)% < 00,
m=mgo m=mgo

for A chosen suitably large. Hence an application of Borel-Cantelli implies that, on

{h(f) > <), »
hnlfljip w <00,  m-as.

Now for § € [27(™D 27™] we have [27™,21=™] C [5,46], and so N#(f) < N2, (f).

Thus, on {h(f) > €},

N ()

N9 _
lim sup —2 (/) < limsup —22 -2 < o0, n-a.s.
5—0 Inlno—t Mm—00 nm

By o-additivity, this is easily extended to hold on U, n-a.s. A simple rescaling argu-
ment allows us to obtain the same result n(M-a.s. on UM, Since n(Y is the law of W,

we are done. O
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Proposition 3.8.4 There exist constants c3.32,c3.33 such that

P (Ngm > )\) < cggpe” A Vo >0,A>1.

Proof: Using the scaling property, n(A) = %n(AC(A)), of the Ito measure, it is
possible to deduce the following alternative characterisation of n"). For measurable

ACUWY nW(A) =n(A(f) € Al T € [1,2]). Hence

P(N}® > \) = n (N (f) > \) = csam(No X (f) > A, 7 € [1,2),

However, for 7 € [1,2] we have that [v/26,2+v/28] C [01/7,46+/7], and so N;\‘s}f(f) <
N\Z/\g‘s(f). Hence

P(N® > ) < cgaan(N222(f) = A, 7 € [1,2). (3.21)

We now consider the cases A < 6! and A\ > 6! separately. First, suppose A > §~1.
Since A > 1, if N2/°(f) > A, then h(f) > v/26. Thus

PN 2 0) < caan(N32(f) 2 A h > v29)

_ %n (N%f%f) 2)\‘h2 \/55)

-
C3.34% N2Y25 () )
< n|z vz h > 28
< o ( >

3352
2—z

<

for z € (1,2), by Lemma 3.8.1. By fixing 2z € (1,2), this is clearly bounded above by
cs.36e~ 37 for suitable choice of ¢34, C3.37.

The case A < §~! requires a little more work. We first break the upper bound of
(3.21) in two parts. For € > 0,

PN} > \) < csaan(NZ°(f) > A h > €) + eaaun(r € [1,2), h<e).  (3.22)

An upper bound for the first term of the form c333e¢*3*¢ ™1 is given by Lemma 3.8.2
when & < £/2+/2. For the second term, we have the following decomposition, see [51],

Chapter XII,
ds

273

Y

n(rell,2], h<e)= /2 n¥(h < ¢)

where n(®) is a probability measure that satisfies n(*)(A) = n(V(A,(A)). However,

this scaling property implies that n(*)(h < ¢) is decreasing in s. Consequently, we
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have that n(r € [1,2], h < ) < (2m)"Y2nM(h < ¢). The right hand side of this
expression represents the distribution of the maximum of a normalised Brownian

excursion, which is known exactly, see [18], Theorem 7. In particular, we have that

m2n2

o
n(l)(h < 5) — 03408_3 Z mze_ 22 ,

m=1

and some elementary analysis shows this is bounded above by caaedem By

taking £ = 2¢/2A\7!, we can use these bounds on the first and second terms of (3.22)
to obtain the desired result. O

3.9 Quenched heat kernel bounds

The heat kernel estimates deduced in this section are a straightforward application
of two main ideas. Firstly, we apply results of [38], by Kigami, to construct a natural
Dirichlet form on (7 ,dz, ). Associated with such a form is a Laplacian, A7, on 7.
Secondly, we use the results of Chapter 2, which show that the volume bounds we
have already obtained are sufficient to deduce the existence of a heat kernel for Ay
and bounds upon it.

The first key result is proved by Kigami, and is stated in Chapter 1 as Theorem
1.4.11. It explains how to build a Dirichlet form on an arbitrary dendrite equipped
with a shortest path metric. We shall not explain here how to construct the finite
resistance form associated with a shortest path metric on a dendrite, but we will note
that it may be done using a finite vertex approximation procedure, similar to the
ideas of Chapter 1. Full details are given in Section 3 of [38].

Now, consider f € UM, As remarked in Section 3.2.2, 7; is a dendrite and dr; a
shortest path metric on 7;. Using the fact that f is a continuous function on a closed
bounded interval, and hence uniformly continuous, elementary analysis allows it to
be deduced that (7;,d7;) is compact and hence it is complete and locally compact.
(We note that compactness of 7 has already been proved in [1], Theorem 3). Finally,
using simple path properties of the Brownian excursion, it is easy to check that py
satisfies the measure conditions of the Theorem 1.4.11 for f € U , Where UcU®is
a set which satisfies P(W € U) = 1. Hence we can use this result to define a finite
resistance form (€7, Fr) associated with (7',dr) such that (€7, Fr N L*(T,p)) is a

local, regular Dirichlet form on 77, P-a.s.
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In fact, it is also proved in [38] that the correspondence between shortest path
metrics on dendrites and resistance forms is one-to-one in a certain sense. Specifically,

if W e U and so (&7, Fr) exists, define the resistance function, as in Chapter 2, by
R(A,B)™' :==inf {Er(u,u) : v € Fr,uls = 1,ulp =0}, (3.23)

for disjoint subsets A, B of 7. We can recover dr by taking, for 0,0’ € T, 0 # o/,
dr(o,0") = R({c},{0'}) and dr(c,0) = 0. This means that the the metric dr is
the effective resistance metric associated with (€7, Fr), see Corollary 3.4 of [38] for
a proof of this. As in the proof of Theorem 1.4.12, a consequence of this is that
Fr C L*(T,u), which implies the Dirichlet form of interest in this section is simply
(&r,Fr).

We now recall, using the notation of this chapter, the construction of a diffusion
from a Dirichlet form that was introduced in Chapter 2. Given the Dirichlet form
(&7, Fr), we can use the standard association to define a non-negative self-adjoint

operator, —Az, which has domain dense in L?(7, u) and satisfies
Er(u,v) = — /TuATvdu, Vu € Fr,v € D(Ar).
We can use this to define a reversible strong Markov process,
X = ((X)0.PL,0€T),

with semi-group given by P, := ¢*A7. In fact, the locality of our Dirichlet form ensures
that the process X is a diffusion on 7.

As we observed in the previous chapter, a key factor in the description of the
transition density of X, if it exists, is the volume growth of the space with respect
to the resistance metric, which in this case is simply d7. The volume bounds we
have already obtained for 7 mean that we can directly apply the bounds obtained
there. The only condition which has not already been checked is the separability of
(7,dr), but for a metric space this follows easily from compactness, and so (7, dr)
is separable, P-a.s. We are now able to state the main result of this section, which is
an application of the volume bounds of earlier sections of this chapter and Theorem
2.4.1.

Theorem 3.9.1 P-a.s., there is a reversible strong Markov diffusion X on T with in-

variant measure (i and transition density (pi(o,0"))s.oreT 10, that satisfies the bounds

at (3.2) and (3.3).
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Since, if it exists, the transition density of the process X is a heat kernel of A,
we can state the previous result in the following alternative form. For full definitions
of these two objects, see Section 2.5, and note that for an arbitrary heat kernel of

A7, the bounds we have proved will hold only pu-a.e.

Corollary 3.9.2 P-a.s., there exists a local, reqular Dirichlet form associated with
(7,dr,p). The related non-positive self-adjoint operator, Az, admits a heat kernel
(pt(0,0"))s0reT 150, that satisfies the bounds at (3.2) and (3.3).

The proof of the remaining quenched heat kernel bounds also employ the tech-
niques used in Chapter 2. However, as well as the volume bounds, we need to apply
the following extra fact about the asymptotics of the resistance from the centre of a

ball to its surface, as r — 0.

Lemma 3.9.3 P-a.s., for pu-a.e. 0 € T, there exist constants cs 43,72 > 0 such that

C3.437 (hl In 7’71)_1 < R({o},B(o,r)%) <, Vr € (0,79).

Proof: Choosing 75 to be small enough so that o is connected to B(o,7)¢ by a path
of length r immediately implies the upper bound. For the lower bound, following the

argument of [14], Lemma 4.4 we obtain

R({o}, Blo,r)*) " < M (@7),

r

where M (o, r) is defined to be the smallest number such that there exists a set
A ={01,...,0M(@er} With d7(0,0;) = r/4 for each 4, such that any path from o to
B(o,7)¢ must pass through the set A. For the continuum random tree it is elementary
to deduce that M(p,r) < N],,, where N, is the number of upcrossings of [r/4,r] by
W, as defined in Section 3.8. Thus, applying Proposition 3.8.3, the result holds at
the root. This may be extended to hold p-a.e. using the random re-rooting of Lemma
3.5.1. O

Proof of Theorem 3.1.6: As we noted in Chapter 2, on measure-metric spaces
equipped with a resistance form, an upper bound for the on-diagonal part of the heat
kernel of the form

p2ru(B(U,r))<07 U) S (324)

p(B(o,r))
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follows from a relatively simple analytic argument from the lower bound on the volume
growth. Applying this, the two upper bounds of this result follow easily from the lower
local volume bounds of Theorem 3.1.3 and so we omit their proof here.

It remains to prove the lower local heat kernel bound. Again, the proof of this
result is standard and so we shall only outline it briefly here. First, the resistance
result of Lemma 3.9.3 and the local volume results of Theorem 3.1.3 allow us to
deduce that P-a.s. for u-a.e. ¢ € T, there exist constants cs44, 345,73 > 0 such that,
for r € (0,r3),

EZ,TB(”) < espurlnlnr Vo' € B(o,r),

EXTs(or) > C3a5r° (Inln r_l)_4 ,

by applying an argument similar to the proof of Proposition 2.6.6. Here, Tg(,,) is
the exit time of the process X from the ball B(o,r). Applying the Markov property
for X as at (2.26) and substituting the above bounds for the expected exit times of
balls yields

C3.45 _1\—5 t
PZ (T oy > 1) > —— (Inl — )
g ( Blow) ) C3.44 (n nr ) C34473 InInr—1

(3.25)
Also, recall from (2.28) that the Cauchy-Schwarz inequality implies

w(B(o,r))pa(o,0) > PJT (TB(U,T) > t)2 .

Furthermore, by the volume asymptotics of Theorem 3.1.3, if we choose r3 small
enough, there exists a constant cs4¢ such that p(B(o,r)) < czuer?*Inlnr=t, for r €
(0,75). Set t3 = 45r3(Inlnry ')~ For ¢ € (0,t3), we can choose r € (0,r3) to satisfy
1)~

the equality ¢ = C?’%r?’(ln Inr— . Hence the lower bound for the tail of the exit

time distribution at (3.25) implies that

P2t(0,0) > Caarr” (ln In 7;1)—11 > g 45t 23 (ln In t71)—14.

Proof of Theorem 3.1.5: The upper bound of (3.4) and the lower bound of (3.5)
are contained in Theorem 3.9.1. The lower bound of (3.4) is a simple consequence of
the local lower bound on the heat kernel of Theorem 3.1.6. The remaining inequality
is proved using the analytic bound of (3.24); the volume bound we need to utilise in

this case being the lower bound for sup, u(B(o,r)) appearing in Theorem 3.1.2. [
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3.10 Annealed heat kernel bounds

Rather than P-a.s. results about u(B(p,r)) and R({p}, B(p, 7)), we need to apply
estimates on the tails of their distributions to obtain annealed heat kernel bounds.
We have already proved one of the necessary bounds in Lemma 3.5.2; the remaining
two bounds are proved in the following lemma. To complete the proof of Theorem

3.1.7, we employ a similar argument to the proof of [14], Theorem 1.4.
Lemma 3.10.1 There exist constants cs.ag, . .., 352 Such that, for allT >0, > 1,
P (R({p}, B(p,r)*) < A7) < czage” 20,

and when r2\7t < 1

N

P (u(B(p,r)) < A7) < czme” N,

Proof: Let r > 0, > 1. In the proof of Lemma 3.9.3 it was noted that 8r‘1Nf/4 is
an upper bound for R({p}, B(p,7))"!. Thus, by Proposition 3.8.4,

P (R({p}, Blp,r)) <A1 < P (N7, > )

_¢3.33A
< ;e s,

which proves the first inequality.
For the second inequality, suppose r?A™" < Z. Observe that if u(B(p, 7)) is strictly
less than 72A~!, then the normalised Brownian excursion must hit the level r before

time r2A~'. Thus
P (u(B(p,r)) <r*X7") <P ( sup W, > r) .
0<t<r2A—1

The explicit distribution of the maximum of the Brownian excursion up to a fixed
time is known and we can use the formula given in [22], Section 3, to show that the

right hand side of this inequality is equal to

_ (y+2mr(1—r2>\71))2

2)3 - 22 7 T v ey
1 . —2m*r 2 27«2)‘71(1_7,2)\71) d .
W(l_ra_l)g > e [yt e y

m=—o0
We can neglect the terms with m > 0 as removing them only increases this expression.

By changing variables in the integral, it is possible to show that the m = 0 term is

2 12T w2
\/j/\/1 ’ ule” 7 du.
™ Jo

A
2
123

equal to



Integrating by parts and applying standard bounds for the error function, it is ele-
mentary to obtain that this is bounded below by 1 — 03,53\/Xe_%. For the remaining

terms we have

-1

273 o 2r2 " _ (t2mr—rrT1)?
— e “mr 2mr +yle 2P Tla-r27h
o 3o [ y

m=—0oQ

2\3 f: r _ (y=2mr(1—r2x"1))2
- - 2mr26 2T2>\_1(1—7‘2)\_1) dy
\/7‘(‘7‘6(1 —r2\~1)3 “— Jo
o0

_ A(Bm—2)2
< egsX?Y me s

m=1

A
8

The sum in this expression may be bounded above by c355¢73. Thus

P (,u(B(p, r)) < TQ/\_I) < 03.53\/X6_% + 03_5403.55)\3/26_% < 03_566_63‘57>‘7

for suitable choice of c35¢, C3.57. O

Proof of Theorem 3.1.7: Let t € (0,1). For A > 2, define r by ¢t = 2\r3 and
Any = {r*A\ < u(B(p,r)) < r?A}. On Ay, we can use the inequality at (3.24) to

show that
95/3)5/3

pe(psp) < T

Define A, := inf{\ > 2: Ay, occurs}, then Ep,(p, p) < 2°/3t2/3EA;"®. However, for
A> 2,

P(A = A)

IN

P(AS;)
< P(u(B(p,r)) > 1°X) + P(u(B(p, 7)) < r?A71).

Since r2A~! = 2/3272/3X%/3 < 1 we can apply the tail bounds of Lemma 3.10.1 to
obtain that P(A; > \) < c358e %2 uniformly in ¢ € (0,1). Thus EA?/3 < 360 <
oo, uniformly in ¢ € (0, 1), which proves the upper bound.

For the lower bound we need a slightly different scaling. Let ¢t € (0,1), A > 64
and define r by t = r®/64\*, and

Bys = {MB(/), 1) <2\ R{p}, Blp,r)) = 1A, w(Blp, 7)) 12»%} .

On B, 4, by following a similar argument to that used for the proof of Theorem 3.1.6,
we find that p,(p, p) > c36:t~2/3A714. Now,

P(BS,) < P(u(B(p,r)>r*A)+P(R({p}, B(p,r)*) <rA™)

(Bl L) < <

163

).
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Since 72/16A3 = t¥/3X71/3 < 1 again we can apply the bounds of Lemma 3.10.1
to find that P(BS,) < czeee”***, uniformly in ¢ € (0,1). Hence we can find a
Ao € [64,00) such that P(B5, ,) < 3 for all ¢t € (0,1). Thus

C J—
Ep(p.p) = P(Bayi)yra = oot /% V€ (0,1),
0

for some ¢34 > 0. O

3.11 Brownian motion on the CRT

To complete the proof of Theorem 3.1.4, it remains to show that the Markov process
with infinitesimal generator A is Brownian motion on 7. Brownian motion on 7
is defined to be a T;-valued process, X/ = ((th)tzo» ng, o € Ty), with the following

properties.
i) Continuous sample paths.
ii) Strong Markov.
iii) Reversible with respect to its invariant measure jiy.
iv) For o',0% € T}, o' # 02, we have

dr,(b(o,0',0?),0?)

7T T, ; ) )

Po’f 101 < 102 = ! o€l
( ) l f( 1’ 2) ) I

where T, := inf{t > 0: X/ = o} and b(c, o', 0?) is the branch point of

0,0, 0% in T, as defined in Section 1.2.

v) For o', 0% € T}, the mean occupation measure for the process started at

o' and killed on hitting 02 has density

dr, (b(o,0",0%),0%)u(do), o7

As remarked in [2], Section 5.2, these properties are enough for uniqueness of Brow-
nian motion on 7;. Note that the definition given by Aldous has an extra factor of 2
in property v). This is a result of Aldous’ description of the continuum random tree
being based on the random function 2WW. By Theorem 3.9.1, we already have that
properties i), ii) and iii) hold for the process X on 7, P-a.s. Before proceeding with

demonstrating that X satisfies the remaining properties, we first need to prove the
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following technical result on the capacity of sets of 7, where we use the notation U
to represent the set of excursions on which a finite resistance form is defined on 7%,

as in Section 3.9.

Lemma 3.11.1 For f € U, all non-empty subsets of Ty have strictly positive capac-
1ty.

Proof: This result may be deduced by applying the same argument as in the proof
of Proposition 1.5.3(b). O

The above result allows us to define local times for X, and in the following lemma
we use these to define a time-changed process on a finite subset of 7. By considering
the hitting probabilities for the time-changed process, we are able to deduce that X
satisfies property iv) of the Brownian motion definition. An important tool for the
proof of this and property v) will be the trace operator for Dirichlet forms, as defined
at (1.5). In particular, we will use the fact that the quadratic form corresponding to

our time-changed process is simply the trace of £ on the same finite subset.

Lemma 3.11.2 P-a.s., the process X of Theorem 3.9.1 satisfies property iv) of the
definition of Brownian motion on T .

Proof: Suppose W € U, so that the resistance form, &, and process, X, are defined
for 7. Fix 0,0',0% € T, o' # 02, and set b = b(0,0',0%). Write V; = {0,0',0?%, b}
and & = Tr(E7|V1). Using simple properties of resistance forms, the following explicit

expression for £ can be calculated:

Eluu)= Y (“(Z)szfgf;')), we C(W), (3.26)

o'e{o,0l,02}

where, if b = ¢’, the relevant term is defined to be 0.

By the previous lemma, {o’} has strictly positive capacity for each ¢’ € 7. As
outlined in Section 4 of [9], a result of this is that X has jointly measurable local
times (LY, 0’ € T,t > 0) such that

/Otu(Xs)ds = /Tu(a’)Lflu(da’), u € L*(T, ).

Now, denote v := ﬁ Yo cv; 0o, the uniform distribution on V; and define

A= / L7v(do"), 7 :=inf{s: A, > t}.
T

126



Consider the process X = (X,Pg,,a’ € V1), defined by X, = X,,. As described
in [9], X is a v-symmetric Hunt process and has associated regular Dirichlet form
(&1,C(V1)). Using elementary theory for continuous time Markov chains on a finite

state space, we obtain the following result for X

~ ~ dT<b (72)
PT (T < Tor) = 222 L
7 ’ dr(ot,0?)
where T, := inf{t > 0: X, = 0’}. Since the hitting distribution is unaffected by the

time change from X to X , this implies

d’]’(b 0'2)
Pl (T < Tp) = ——1—2,
g ( 1 2) dT(O_l’O_Q)
and so, if W € U, the process X satisfies property iv) of the Brownian motion
definition. Since W € U, P-a.s., this completes the proof. 0

A result that will be useful in proving that X satisfies property v) is the following

uniqueness result, which is proved in [38], Lemma 3.5.

Lemma 3.11.3 Let (£, F) be a resistance form on a set K and V' be a finite subset
of K. Then for any v € C(V), there exists a unique u € F such that

E(u,u) =Tr(E|V)(v,v),  uly =w.

Lemma 3.11.4 P-a.s., the process X of Theorem 3.9.1 satisfies property v) of the
definition of Brownian motion on T .

Proof: First, assume W € U, so that the resistance form, &7, and process, X, are
defined for 7. Fix 0,02 € T, o' # 02, and define D = D(c',0?) to be the path-
connected component of 7\{c?} containing o!. Using the same argument as in [41],
Proposition 4.2, we can deduce the existence of a Green kernel ¢g”(-,-) for the process

killed on exiting D which satisfies
Er(gP(o,),f) = f(o), NoeT,feFp, (3.27)

where Fp = {f € Fr : f
9" (ot 0') > 0;

pe = 0}. By standard arguments, this implies that

Er(g,9) = inf{Er (u,u) : u(c!) =1, u(c?) =0}, (3.28)



where g(-) := gP(at,-)/gP (o', 01); and for y-measurable f,

1 To2

B [ f(x.)ds = / 4" (0", 0) f(0)uldo).

0 T

This means that gP(c!, o)u(do) is the mean occupation density of the process started
at o and killed on hitting o%. Furthermore, note that combining (3.27), (3.28) and
the characterisation of dr at (3.23), we can deduce that ¢gP(o!,0') = dr (ot 0?).

Now, fix 0 € 7, and define b := b(o, o', 0?),
Vi = {o,0', 0% b}, & = Tre(EX|V1),

Vo= {o', 0%}, & = Tr(& Vo).

Let fo € C(V) be defined by fo(c!) = 1, fo(0?) = 0; fi be the unique (by Lemma
3.11.3) function in C'(V}) that satisfies & (f1, f1) = Eo(fo, fo) and fi|v, = fo; and f2 be
the unique function in F such that E7(fs, fo) = E1(f1, f1) and faly, = fi. Applying
the tower property for the trace operator, & = Tr(Tr(Er|V1)|Vo) = Tr(E|Vo), we

have that f, is the unique function that satisfies

Er(fa, f2) = Te(Ex Vo) (fo, fo),  falwe = fo.

However, we have from (3.28) that § also has these properties and so it follows from
the uniqueness of Lemma 3.11.3 that § = fo. Thus g|y;, = fi. Recall the explicit
expression for £ given at (3.26). A simple minimisation of this quadratic polynomial
allows us to determine the function f;. In particular, we have g(o) = fi(o) =
dr(b,0?)dr (o', 0%)7!. Hence the mean occupation density of the process started at

o' and killed on hitting o2 is

g° (o, o)u(do) = g” (", 0" )g(o)u(do) = dr (b, 0*)u(do).

Thus, if W € U, the process X satisfies property v) of the Brownian motion definition.
Since W e U, P-a.s., this completes the proof. 0

Combining the results of Theorem 3.9.1 and Lemmas 3.11.2 and 3.11.4 we imme-

diately have the following.

Corollary 3.11.5 P-a.s., the process X of Theorem 3.9.1 is Brownian motion on

7.
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Appendix A

Exact self-similarity of the
continuum random tree

In this appendix, we demonstrate that the continuum random tree is precisely a
random p.c.f.s.s. dendrite of the type constructed in Chapter 1. This characterisation
links the continuum random tree, and all of its representations, with yet another
area, namely analysis on self-similar fractals. The description we provide here is of
particular interest as it allows the continuum random tree to be be built upon a
highly structured, deterministic subset of R?, which is a striking contrast to some
of its abstract tree formulations. The main idea that we will apply is the recursive
self-similarity for the continuum random tree, which was proved by Aldous in [5], and

is stated here as Lemma A.1.1.

A.1 Decomposition of the continuum random tree

To make precise the decomposition of the continuum random tree that we shall apply,
we use the excursion description of the set, as introduced in Section 3.2.2. This
allows us to prove rigorously the independence properties that are important to our
argument. However, as with the random re-rooting of Lemma 3.5.1, it may not
be immediately obvious exactly what the excursion picture is telling us about the
continuum random tree, and so, after Lemma A.1.1, we present a more heuristic
discussion of the procedure we use in terms of the related dendrites.

The initial object of consideration is an independent triple (W, U, V'), where W is a
normalised Brownian excursion, and U and V" are U|0, 1] random variables. From this
triple, it is possible to define three independent Brownian excursions. The following

decomposition is rather awkward to write down, but is made clearer by Figure A.1.
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First, suppose U < V. On this set, it is P-a.s. possible to define H € [0, 1] by

{H}={te[U,V]: W= inf W} (A1)
s€(U,V]
We also define
H =sup{t<U: W, =Wy}, Hy:=if{t>V:W,=Wg}, (A.2)

A12:1+H_—H+, AQZ:H—H_, A322H+—H,
~ H_ U—-H_ V-H
_A_la U2 = AQ ) U3 T Ag )

and for ¢ € [0, 1],
x ~1/2
th = A1 / (WtAl]‘{tgfh} + WH++(t7U1)A11{t>U1}>7

W2 =AWy ia, — Wh),
W2 = A (Wirsing — W),

Finally, define W? to be W shifted by Uy, via the formula given in Section 3.7, and
set Uy := 1—U;. If U > V, the definition of these quantities is similar, with W*!
again being the rescaled, re-rooted excursion containing t = 0, W? being the rescaled
excursion containing t = U, and W3 being the rescaled excursion containingt = V. A
minor adaptation of [5], Corollary 3, using the invariance under random re-rooting of
the continuum random tree (Lemma 3.5.1), then gives us the following result, which

we state without proof.

Lemma A.1.1 The quantities W', W2 W3 Uy, Us, Uz and (A1, Ay, Az) are indepen-
dent. Each W' is a normalised Brownian excursion, each U; is U0, 1], and the triple

(A1, Ag, As) has the Dirichlet (3,3, 3) distribution.

272

Describing the result in terms of the corresponding trees gives a much clearer
picture of what the above decomposition does. Using the notation of Chapter 3, let
(7,dr, ) be the continuum random tree associated with W, and p = [0] its root.
Here, we use [t], for ¢ € [0, 1], to represent the equivalence classes of [0, 1] under the
equivalence relation defined at (3.7). If we define Z' := [U] and Z? := [V], then Z*
and Z? are two independent p-random vertices of 7. We now split the tree 7 at the
branch point b(p, Z', Z?), which may be checked to be equal to [H], and denote by
7', T? and 73 the components of 7 containing p, Z' and Z? respectively. Choose
the root of each subtree to be equal to b(p, Z1, Z?) and, for i = 1,2,3, let u’ be the
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0 Us Us

Figure A.1: Brownian excursion decomposition.

probability measure on 7 defined by p(A) = u(A)/A;, for measurable A C 7, where
A; := pu(T"). The previous result tells us precisely that (77, A;l/QdT, ), 1 =1,2,3,
are three independent copies of (7,dr, ). Furthermore, if Z; := p, Z', Z? for i =
1,2, 3, respectively, then Z; is a p’-random variable in 7. Finally, all these quantities
are independent of the masses (u(7"), u(72), u(T?)), which form a Dirichlet (3, 3, 1)
triple. Although it is possible to deal with the subtrees directly using conditional
definitions of the random variables to decompose the continuum random tree in this
way, the excursion description allows us to keep track of exactly what is independent
more easily, and it is to this setting that we return. However, we shall not completely
neglect the tree description of the algorithm we now introduce, and a summary in
this vein appears below Figure A.2.

We start by applying inductively the decomposition map from UM x [0,1]% to
U« [0,1]*> x A (where A is the standard 2-simplex) that takes the triple (W, U, V)
to the collection (W, W2 W3 Uy, Us, Us, (A1, Ay, A3)) of excursions and uniform and
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Dirichlet random variables. We shall denote the decomposition map by T and in-
dex the random variables by X, the address space introduced in Chapter 1, where
in this case S = {1,2,3}. First, suppose we are given an independent collection
(W, U, (V;)ies.), where W is a normalised Brownian excursion, U is U]0, 1], and
(Vi)iex, is a family of independent U[0, 1] random variables. Set (W? Uy) := (W, U).
Given (W*, U;), define

(Wﬂv Wﬁ; Wig; Ui, Uiz, Uss, (Aﬂ, An, Ai?;)) = T(Wi, Ui, Vz’)>

and denote the filtration associated with (A;)iex,\ (o} by (Fn)n>0. In particular, 7, :=
o(A; : |i] < mn). The subsequent result is easily deduced by applying the previous

lemma repeatedly.

Theorem A.1.2 For each n, (W% U;,V;))iex, is an independent collection of inde-
pendent triples consisting of a normalised Brownian excursion and two U|0, 1] random

variables, and moreover, the entire family of random variables is independent of JF,.

From this result, it is clear that (A;);ex,\ (o} forms a multiplicative cascade in the
sense of Section 1.3, with related filtration (F,),>o. Furthermore, Lemma A.1.1 im-
plies that each triple of the form (A;1, As, Aj3) has the Dirichlet (1,1, 1) distribution.
We shall also be interested in the collection (w(7));es.\ (g3, Where for each i, we define

w(i) == A2

7

Note that this is also a multiplicative cascade, with the same associated filtration,
(Fn)n>0. We shall write (i) to represent the product w(i|1l)w(i|2)...w(i|]i]), as in
Chapter 1. The reason for considering such families is that, in our decomposition of
the continuum random tree, (A;)iex,\(0y and (w(7))iex.\o} represent the mass and
length scaling factors respectively.

By viewing the inductive procedure for decomposing excursions as the repeated
splitting of trees in the way described after Lemma A.1.1, it is possible to use the above
algorithm to break the continuum random tree into smaller components, with the
subtrees in the nth level of construction being described by the excursions (W*);cs, .
The maps we now introduce will make this idea precise. For the remainder of this
section, the arguments that we give hold P-a.s. First, denote by H*, H' and H' the
random variables in [0, 1] associated with (W* U;, V;) by the formulae at (A.1) and
(A.2). Let i € X,. Define, for t € [0, 1],

Gin(t) == (H'. + tAi)lgcvy + (= Un) Ailisu,y,
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and if U; < V;, define ¢;» and ¢;3 to be the linear contractions from [0, 1] to [H* , H'|
and [H', H'] respectively. If U; > V;, the images of ¢;» and ¢;3 are reversed. Note
that, for each i, the map ¢; satisfies, for any measurable A C [0, 1],

A(@i(A)) = AA(A), (A3)

where A is the usual Lebesgue measure on [0, 1]. Importantly, these maps also satisfy
a certain distance scaling property. In particular, it is elementary to check from the

definitions of the excursions that, for any ¢ € ¥, j € .5,
dWi <¢ij(8)7 ¢Zj<t)) - w(l.])dW” (Sv t)? \V/S,t € [07 1]7 (A4)

where dyy: is the distance on [0, 1] associated with W* by the definition at (3.6). This
equality allows us to define a map on the trees related to the excursions. Let (’]N; ,dz)
be the metric space dendrite determined from W* by the equivalence relation given
at (3.7). Denote the corresponding equivalence classes [t]; for t € [0, 1]. Now define,
fori e ¥, j €8,

ng'j:j;j - ’j;
tli; — [0

The following result demonstrates that this is a well-defined map satisfying a distance

scaling property related to (A.4).
Lemma A.1.3 P-a.s., for everyi € ¥, 7 €9, ggij s well-defined and moreover,

dz(i5(2), 6i5(v) = w(ij)dz, (v.y),  Va.ye Ty

Proof: First, choose s,t € [0,1]. Applying the distance scaling property of (A.4), we
find that

dz([6i(8)i; (04 (D)]:) = dwi(ij(s), di; () = w(if)dw(s,t) = w(if)dzi ([slij, [tlij)-

Thus, if [s];; = [t];;, the right hand side of this equation is 0, and it follows that
[9i(5)]i = [¢ij(t)];. Hence q@ij is indeed a well-defined map. The desired distance

scaling property is also an immediate consequence of the above equation. O
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By iterating the functions (éi)ieg*\{@}, we can map any 7; to the original continuum
random tree, 7 = Tp, which is the object of interest. We will denote the map from
Ti to T by ¢y = gzzm o qgﬂg o---0¢;, and its image by

It is these sets that form the basis of our decomposition of 7. We will also have cause

to refer to the following points in 7;:

pii=0u(0:),  Z':=¢u([Ul),  Z7=du([Vil:).

Although it has been quite hard work arriving at the definition of (7;);es,, the prop-
erties of this family of sets that we will need are derived without too many difficulties
from the construction. The proposition we now prove includes the following results:
the sets (7;)iex, cover T; T; is simply a rescaled copy of 7; with p-measure 1(i)?;
the overlaps of sets in the collection (7;);cx, are small; and also describes various

relationships between points of the form p;, Z! and Z?2.

Proposition A.1.4 P-a.s., for every i € ¥,

(a) T; = Ujen, Tij, for alln > 0.

(b) (T;,dr) and (’Z,l(i)dﬁ) are isometric.

(¢) pir = pia = pis = b(pi, Z}, Z7).

(d) Zilj = pi, Z}, Z2, for j = 1,2,3 respectively.

(e) pi € ToU T3, Z} ¢ Ty UT;s and Z} & T U To.

(f) if 1l = lil, but j # i, then TN'T; € {p;, Z} }.

(9) (Ti) = 1(3)*.

Proof: By induction, it suffices to show that (a) holds for n = 1. By definition, we
have Ujes¢i;(]0, 1]) = [0, 1), and so

T, = {[tli: t€[0,1)}
= Ujes{[tli : ¢ € ¢;5((0,1])}
= Ujes{loy(@)]; - ¢ €10,1]}
= Ujesti(Tij),

where we apply the definition of qgij for the final equality. Hence

71, = é*z(i) = Ujescg*ij(j;j) = Ujes7ij,
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which completes the proof of (a). Part (b) is an immediate consequence of the def-
inition of 7; and the distance scaling property of ¢,;, which follows from Lemma
A.1.3.

Analogous to the remark made after Lemma A.1.1, the point [H']; represents the
branch point of [0];, [U;]; and [V;]; in 7;. Thus, since ¢,; is simply a rescaling map,

we have that

b(pi, Z}, Z7) = b(ui([0]:), ui([Uili), ui([Vis)) = ui([H']:)-
Now, note that for any j € S, we have by definition that ¢;;(0) € {H*, H", H' }, and
s0 [¢4;(0)]; = [H"];. Consequently,

Sui([H'):) = ¢ui([935(0)]:) = buij ([0)i5) = s, (A.5)

which proves (c). Part (d) and (e) are proved using similar ideas. First, observe
that ¢;;(U;;) = 0,U;,V;, for j = 1,2, 3 respectively, then take equivalence classes and
apply ¢, to obtain (d). Secondly, it is easy to check from the construction that
[0]; & q;z](j}]) for j = 2,3; [Uj]: & ¢i5(T;) for j = 1,3; and [Vi]; & 3;(T;) for j = 1,2.
Applying ¢,; to these results yields (e).

Now note that, for k£ € ¥, the decomposition of the excursions, and the fact that
the local minima of a Brownian excursion are distinct, implies that for ji,js € S,
J1 # Ja, we have dpj, (Trj,) O Grjy (Trgy) = {[H*]x}. Applying the injection ¢,y to this
equation yields

77€j1 N 776]’2 = {Qg*k([Hk]k)} = {pkl}v (AG)

with the second equality following from (A.5). This fact will allow us to prove (f) by
induction on the length of i. Obviously, there is nothing to prove for |i| = 0. Suppose
now that |i| > 1 and the desired result holds for any index of length strictly less than
li|. Suppose |j| = |i|, but j # i, and define k :=i|(|7| — 1). If j|(|j| — 1) # k, then the
inductive hypothesis implies that

TN C TN Tgj-1 C {ow Zi}s

where we apply part (a) to obtain the first inclusion. Using parts (d) and (e) of
the proposition it is straightforward to deduce from this that 77N 7; C {Z!} in this
case. If j|(|j| — 1) = k, then we can apply the equality at (A.6) to obtain that
TN T; = {pr1} = {pi}, which completes the proof of part (f).
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Finally, p is non-atomic and so u(7;) = u(Z;\{p:, Z}}). Hence, by the disjointness
of the sets and the fact that p is a probability measure, we have that

12 3 TN 2 = 3 p(T).

1€3n 1€3n

Now, by definition, for each 1,

T, = {du(t];): t€[0,1]}
= {[t]: t€dyrodipo---0e([0,1])}.

Thus, since p is the projection of Lebesgue measure, this implies that p(7;) is no
smaller than A(¢;; 0 g2 0---0;([0,1])). By repeated application of (A.3), this lower
bound is equal to A;iAye...A; = 1(i)%. Now observe that, because (A;1, Aj, As3)
are Dirichlet (%, %, %) random variables, we have A;; + A + A3 = 1 for every ¢ € X,
and from this it is simple to show that ... 1(7)> = 1. Hence

ST = Y =1

1€3n 1€3n

Thus ..y, u(7;) is actually equal to 1, and moreover, (g) must hold. O

This result is summarised in Figure A.2. Note that the fact that sets from (7;;);es
only intersect at p;; was shown at (A.6), and so the the diagram is representative of
the set structure of the decomposition. Furthermore, it is clear that the sets 7; are all

compact dendrites, because they are simply rescaled versions of the compact dendrites

7.

7

- =
';Z;l //’77 ‘\\:

801 = Pi2 = Pize———— @

‘ 71 72
pi b(pﬂ Zz 7Z1 )

Figure A.2: Continuum random tree decomposition.

The tree description of the inductive algorithm runs as follows. Suppose that the
triples ((7;,1(:)"'dr, p"))iex, are independent copies of (7, dr, 1), independent of F,,,
where p'(A) := u(A)/u(7T;) for measurable A C 7;. Furthermore, suppose 7; has root
pi, and Z! and Z? are two p'-random variables in 7;. For j = 1,2,3, define 7;; to
be the component of 7; (when split at b(p;, Z}, Z?)) containing p;, Z}, Z? respectively.
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Define A;; := u'(7;;), and equip the sets with the metrics Ai_jl/Ql(i)*ldT = 1(ij)tdr

and measures p/, defined by

g
<.
=

(T,)

Then the triples ((7;,1(¢)"'dr, i"))ies, ., are independent copies of the continuum

<
~—

random tree, independent of F,, ;. Moreover, for ¢ € ¥,,.1, the algorithm gives us
the root p; of 7; and also a p'-random vertex, Z!. To continue the algorithm, we pick
independently for each 7 € 3,1 a second p’-random vertex, Z?. Note that picking
this extra p’-random vertex is the equivalent of picking the U|0, 1] random variable
V; in the excursion picture.

To complete this section, we introduce one further family of variables associated
with the decomposition of the continuum random tree. From Proposition A.1.4(f),
observe that the sets in (7;);cx, only intersect at points of the form p; or Z}, and so,
because of this, it is possible to consider the two point set {p;, Z!} to be the boundary

of 7;. Denote the renormalised distance between boundary points by, for i € 3,
D; = 1(i) Yz (ps, Z}). (A7)
By construction, we have that

dr(pi, Z}) = dr(d.([0]:), dui([Uil:))
= dw(¢ij1 0 Pijg 0+ 03i(0), Pij1 © Pijp 0 - - 0 ¢5(Us))
— 1(0)dyw (0, U)).

Hence we can also write D; = dy+(0, U;), and so, for each n, (D;);ex,, is a collection of
independent random variables, independent of F,,. Moreover, the random variables
(D;)iex, are identically distributed as Dy, which represents the height of a p-random

vertex in 7. Finally, we have the following recursive relationship

D; = (i) dr(pi Z})
= 10)7 (drlpiblpi, Zi, Z7)) + dr (b(pi, Z}, Z7), Z7))
= 1(i)” (dT(leaZu)+dT(Pz2>Zzz>)
= w(il) Dy + w(i2) Dy, (A.8)

where we use parts (¢) and (d) of Proposition A.1.4 to deduce the third equality.
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A.2 Self-similar dendrite in R?

The scaling factors (w(7))iex,\(gy defined from the continuum random tree allow us
to build a random self-similar dendrite, and we now detail the set on which this
is based. Using the terminology and notation of Chapter 1, the underlying metric
space we consider is R?, equipped with the usual Euclidean metric. The contractions
of interest, (F})?_;, will be those defined at (1.63), and the resulting set, T, is that
shown in Figure 1.1. It is readily checked that the scaling factors satisfy the conditions
(W1) and (W2) and hence, by applying the results of Chapter 1, we are able to
construct the associated resistance metric, R, P-a.s. Furthermore, the resistance
perturbations (R;);ex, are well-defined (0,00) random variables, P-a.s., satisfying

R; =lim,, ., R;(n), where

Rin) = > l(ij). (A.9)

Jje{1,2}m
Note that, since there is only one edge in the set E° we have dropped the superscript

e from the resistance perturbations. Finally, to achieve the correct scaling, we take

To complete this section, we provide an alternative characterisation of the resis-
tance perturbations using the random variables (D;);ex, defined at (A.7). First, by
iterating the identity of (A.8), we have

1(z5)

D; j%;}n 0 Dy;. (A.10)
As remarked in the previous section, the distribution of Dy is the same as the dis-
tribution the height of a p-random vertex in 7. The explicit distribution of this is
known (see [2]), and has mean /7/8 and finite variance. Using these facts and a
comparison of the formulae at (A.9) and (A.10), it is possible to deduce that the
collection of random variables (R;);ex, is simply a rescaled version of the collection
(D;)ies, . This result will be extremely important for establishing the P-a.s. existence

of an isometry between (7, d7) and (T, R) in the next section.
Lemma A.2.1 P-a.s., we have that
(Ri)ies. = (Di)ies.,

where D; = \/8/mD; fori € ¥,.
Proof: By the countability of X,, it suffices to show that R;(n) — D;, P-a.s., for
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each 7 € X,. Assume now that ¢ € X, is fixed. Conditioning on Fj;+,, we obtain, for
A >0,

P (1D~ R(n)|>2) = E(P(IDi— Ri(n)| > A‘]—]Mn))
< 2B (E(1Di - R Fipa) ) (A1)
Now, since y
E (ﬁz’ — Ri(n) ‘ﬂiHn) - > %E(Dij —-1)=0,
jefnan

we are able to deduce that

E (‘Dz — Ri(n)|” ‘f‘liHn) = Var Z

) lz(l'ﬁvaf(ﬁ@),

je{1,2}n

where we have used the independence properties of the (D;);ex, to obtain the second

equality. Recalling the definition of the w(i) as the square roots of the Dirichlet

random variables, A;, we can use this conditional expectation and the inequality of
(A.11) to deduce that

P (\Di — Ri(n)| > A) <A 2E(A; + Ag)"Var(Dy).

As we noted prior to this lemma, the random variable Dy has finite variance. Fur-
thermore, a simple symmetry argument yields that the expectation in the right hand
side of the above bound is precisely 2/3. Hence the sum of probabilities over n is

finite, and applying a simple Borel-Cantelli argument yields the result. O

A.3 Isometry between (7,dr) and (T, R)

In this section, we demonstrate how the decomposition of the continuum random tree
presented in Section A.1 allows us to define an isometry from the continuum random
tree to the random self-similar dendrite, (T, R), described in the previous section. An
important consequence of the decomposition is that it allows us to label points in
7 using the shift space of infinite sequences, ¥ := {1,2,3}. The following lemma
defines the projection w7 : ¥ — 7 that we will use. This is analogous to the result
that was stated as Theorem 1.1.1 for self-similar dendrites, and we shall denote by

7 the corresponding projection from X onto 7.
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Lemma A.3.1 P-a.s., there exists a map w7 : X2 — T such that
nrooi(X)="1T; Vi € X,

where o; : X — 3 is defined by 0;(j) = ij for j € X. Furthermore, this map is
continuous, surjective and unique.

Proof: P-a.s., for each ¢ € 3, the sets in the collection (7;,),>0 are compact, non-
empty subsets of (7,dz), and by Proposition A.1.4(a), the sequence is decreasing.
Hence, to show that N,,>07;, contains exactly one point for each i € ¥, P-a.s., it will

suffice to demonstrate that, P-a.s.,

sup diamg, 7; — 0,  as n — oo. (A.12)
i€

From Proposition A.1.4(b), we have that diamy,7; = [ (i)diamdﬂ’ﬂ , and by definition,
diamdﬁﬂ = SUP, sepo,1] dwi(s, 1), which is a measurable function of W*. Hence, by
Theorem A.1.2, the collection (diamdﬁ T:)ies, is a family of independent, identically
distributed random variables, and is independent of F,,. Furthermore, it is also clear
that diamdﬁ’j} < 28Upyepo W. The upper bound here is simply twice the maximum
of a normalised Brownian excursion, a random variable whose explicit distribution is
known (see [2], for example) and has positive moments of all orders. Thus, for all
0 >0,

E <(diamdi‘ ’]NZ)G> < 00.
Consequently, we can apply Lemma 1.3.1(ii) to deduce that the limit result at (A.12)
does indeed hold.

Using the result of the previous paragraph, it is P-a.s. possible to define a map
7w : % — 7T such that, for ¢ € X,

{rr (@)} = () Tin-
n>0
That 77 satisfies the claims of the lemma, and is the unique map to do so, may be
proved in exactly the same way as in the self-similar fractal case (see [9], Lemma 5.10,
or [39], Theorem 1.2.3). O

Heuristically, the isometry that we will define between the two dendrites under

1 However, to introduce

consideration can be thought of as simply “¢p = 7mp o7,
the map rigorously, so that it is well-defined, we first need to prove some simple, but

fundamental, results about the geometry of the sets and the maps 77 and 7.
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Lemma A.3.2 P-a.s.,

(a) Tpi N Ty = {pia}, forallk € X, and i,j € S, i # j.
(b) 77 (pr1) = {k112, k212, k312}, for all k € %,.

(c) For everyi,j € %,

mr(i) =77 (j) & 7r(i) =77()).

Proof: The proof we give holds on the P-a.s. set for which the decomposition of 7°
and the definition of 77 is possible. Part (a) was proved in the course of the proof
of Proposition A.1.4 at (A.6). Recall that pg; = b(pr, Z, Z%). For this branch point
to equal py, or Z}, we would require at least two of its arguments to be equal, which
happens with zero probability. Thus pr1 € Tp\{pk, Z;}, and so Proposition A.1.4(f)
implies that if 77 (i) = pg1 for some i € X, then i||k| = k. Given this fact, it is
elementary to apply the defining property of 77 and the results about p; and Z! that
were deduced in Proposition A.1.4 to deduce that part (b) of this lemma also holds.
It now remains to prove part (c).

Fix i,j € ¥, i # j, and let m be the unique integer satisfying i|m = j|m and
Tmi1l 7 Jma1. Furthermore, define k = 4;...4, € ¥,. Now by standard arguments
for p.c.f.s.s. fractals (see [39], Proposition 1.2.5 and the subsequent remark) we have
that 7r(i) = mr(j) implies that o™(i),c™(j) € C, where C is the critical set for the
self-similar structure, T', as defined in Section 1.1. Here, we use the notation o to
represent the shift map, also introduced in Section 1.1. Note that it is elementary to
calculate that C = {112,212,312} for this structure. Thus i,j € {k112, k212, k312},
and so, by part (b), m77(i) = pr1 = 77(j), which completes one implication of the
desired result.

Now suppose 77 (i) = m7(j). From the definition of 77, we have that mr(i) €

Tki,.., and also 77 (j) € Tyj,.,,. Hence

7TT<i>77TT(j) € %im-&-l N 77“jm+1 = {pkl}’

where we use part (a) to deduce the above equality. In particular, this allows us to
apply part (b) to deduce that i,j € {k112, k212, k312}. Applying the shift map to
this m times yields 0™ (i),0™(j) € C. It is easy to check that 77(C) contains only the
single point (3,0). Thus mp(i) = Fy, o mp(0™(i)) = Fy o mr(0™(j)) = mr(j), which
completes the proof. O
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We are now able to define the map ¢ precisely on a P-a.s. set by

po: T — T

x +— mp(i), for any i € X with n7(i) = .

By part (c) of the previous lemma, this is a well-defined injection. Furthermore, since
mr is surjective, so is ¢. Hence we have constructed a bijection from 7 to T and it
remains to show that it is also an isometry. We start by checking that ¢ is continuous,
which will enable us to deduce that it maps geodesic paths in 7 to geodesic paths in
T. However, before we proceed with the lemma, we introduce the following notation
forz e 7,n>0,

T.(x) = U{Z D 1€ Xy, x €T}

Note that this is analogous to the definition of (7,(z))sern>0 that was first used at
(1.33). Also, from the properties mp (i) = T;, 77 (iX) = 7;, and the definition of ¢,
it is straightforward to deduce that

o(T;) = 1T;, Vi € X, (A.13)
on the P-a.s. set that we can define all the relevant objects.

Lemma A.3.3 P-a.s., ¢ is a continuous map from (T,dr) to (T, R).
Proof: Recall from Lemma 1.4.7 that for each « € T, the collection (7),(x))n>0 is
a base of neighbourhoods of z with respect to the Euclidean metric on R2. Since,
by Proposition 1.4.8, R is topologically equivalent to this metric, P-a.s., then the
same is true when we consider the collections of neighbourhoods with respect to the
metric 17, P-a.s. Similarly, we may use the fact that sup;.y, diam7; — 0, P-a.s., from
(A.12) to imitate the proofs of these results to deduce that P-a.s., for each z € 7,
the collection (7,(x))n>0 is a base of neighbourhoods of = with respect to dr.

The remaining argument applies P-a.s. Let U be an open subset of (T, R) and
z € p }(U). Define y = ¢(z) € U. Now, since U is open, there exists an n such that
T.(y) C U. Also, by (A.13), for each i € ¥,,, we have that x € 7; implies that y € T;.

Hence
90(7;7,(:[;)) = SD( ZEEn,xETT) zEEn,yGTZ'T% = Tn(y) g U.

Consequently, 7, (z) C ¢ ' (U). Since 7,(z) is a dr-neighbourhood of z it follows
that ¢ =1 (U) is open in (7,dr). The lemma follows. O
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We are now ready to proceed with the main result of this section. In the proof,
we will use the notation 7;3;; :[0,1] — 7 to denote a geodesic path from z to y, where
x and y are points in the dendrite 7. Clearly, because ¢ is a continuous injection,

po fyg; describes a geodesic path from ¢(z) to ¢(y) in T.

Theorem A.3.4 P-a.s., the map ¢ is an isometry, and the metric spaces (T ,dr)
and (T, R) are isometric.

Proof: Obviously, the second statement of the theorem is an immediate consequence
of the first. The following argument, in which we demonstrate that ¢ is indeed an
isometry, holds P-a.s. Given ¢ > 0, by Lemma 1.5.1(c) and (A.12), we can choose an
n > 1 such that

. . €
sup diamg, 7;, sup diamg7; < —.
i€ €S, 4

Now, fix x,y € 7T, define ¢ty := 0 and set

tigr = f{t >t = 7, () € To (7], (tn) },

where inf() := 1. We will also denote z,, = %Z,(tm)- Since, for each ' € T,
the collection (7, (z')),>0 forms a base of neighbourhoods of z’, we must have that
tm_1 < t,, whenever t,,_; < 1. We now claim that for any m with ¢,,_; < 1 there

exists a unique i(m) € X, such that
Vo () € Timy, b1 << . (A.14)

Let m be such that t,,_; < 1. By the continuity of 'ygy, we have that z,, € 7, (1),
and hence there exists an i(m) € X, such that x,,_1, 2, € Ti(,. Clearly, the image
of 77, restricted to t € [ty,_1,tm] is the same as the image of 7 . which describes
the unique path in 7 from x,,_; to x,. Note also that 7, is a path-connected
subset of 7, and so the path from z,,_; to x,, lies in 7). Consequently, the set
Yoy ([tm—1,tm]) is contained in 7). Thus to prove the claim at (A.14), it remains
to show that i(m) is unique. Suppose that there exists j € %, j # i(m) for which
the inclusion at (A.14) holds. Then the uncountable set 7 ([tm—1,%n)) is contained
in 7i(mm) N 7;, which, by Proposition A.1.4(f), contains at most two points. Hence no
such j can exist.

Now assume that m; < ms and that t,,, 1 < 1. Suppose that i(m;) = i(ms), then
Tpy—1, Tmy € Tigm,) By a similar argument to the previous paragraph, it follows that

V2, ([tmi =1, tmy]) € Timy). By definition, this implies that tn,, > t,,, which cannot
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be true. Consequently, we must have that i(my) # i(my). Since ¥, is a finite set, it

follows from this observation that

N :=inf{m: t, =1}

N

-1 are distinct.

is finite, and moreover, the elements of (i(m))
The conclusion of the previous paragraph provides us with a useful decomposition
of the path from z to y, which we will be able to use to complete the proof. The fact

that d7 is a shortest path metric allows us to write

N
y) = Z dT(xmflaajm)-
m=1

Form € {2,..., N—1}, we have that i(m) # i(m+1), and so by applying Proposition
A.1.4(f), we can deduce that ., € Ti(m) N Tigm+1) € {pigm), Z
-1 € Tigm—1) N Tigm) € {pi( m), zlm)} Thus, by the injectivity of ’yzy, we must have
that {@p—1,2m} = {pim), Z Z(m } which implies d7(Zm-1,%n) = d7(pitm), Zitm)) =
I(i(m)) Di(m). Hence we can conclude that

iy} Similarly, we have

N—

[y

1(i(m))Dim) = dr(x0, 1) + dr(xn-1,TN). (A.15)

m=2

As remarked before this lemma, po~7 is a geodesic path from ¢(x) to ¢(y). Thus
the shortest path property of R allows us to write

R(p( ZR (Zm1), (). (A.16)

Let m € {2,...,N — 1}. By applying ¢ to the expression for {z,, 1,2, } that was
deduced above, we obtain that {¢(x,,_1), p(zm)} = {cp(pi(m)),go(ZZ.l(m))}. Now, part
(b) of Lemma A.3.2 implies that

Plpiom) = T (K112) = Fylrr(113)) = Fi((5,0)) = Fion((0,0)),

where k := i(m)|(]i(m)| — 1). In Proposition A.1.4(d) it was shown that Z! = Z},,
for every i € ¥,. It follows that i(m)2 € 7 (Z}

im); and so

P(Ziimy) = mr(i(m)2) = Figm)(77(2)) = Figm((1,0)).

Thus R(p(@n-1), (@) = R(Fim((0,0)), Fim((1,0))). However, {(0,0), (1,0)} is

the only edge in E°, and so from the expression at (1.31), we can deduce that
R(o(xpm—1) = /7/8l(i = 1(i(m)) Dim),
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where we have used Lemma A.2.1 to obtain the second equality. Substituting this
into (A.16), and combining the resulting equation with the equality at (A.15) yields
ldr(z,y) = Rlp(@), o) < Y (dr(wm1,@m) + Rp(@m-1), p(xm)))
me{1l,N}

Now, zy and z; are both contained in 7;;), and so the choice of n implies that
dr (w0, 21) < /4. Furthermore, p(z¢) and ¢(x,) are both contained in ¢(7Z;1)) = Ty,
and so we also have R(p(z9), (1)) < €/4. Thus the summand with m = 1 is
bounded by /2. Similarly for m = N. Hence

|dr(z,y) = Rp(2), p(y))] < e

Since the choice of x,y and ¢ was arbitrary, the proof is complete. O

The final result that we present in this section completes the proof of the fact
that (7,dr,p) and (T, R, u') are equivalent measure-metric spaces, where we use
the notation p” to represent the self-similar measure on (7', R), as defined in Section
1.8. Note that, since w(1)?4+w(2)*+w(3)* = Aj+Ay+A3 = 1, P-a.s., the appropriate
exponent for the measure u? is a = 2 and moreover, there are no tail fluctuations in
the u’-measure of sets of the form T;. In particular, the equation at (1.51) becomes,
P-as.,

p(T) = 1(i)*, Vi€, (A.17)

Theorem A.3.5 P-a.s., the probability measures p and p* o o agree on the Borel
o-algebra of (T ,dr).

Proof: Again, this argument holds P-a.s. First, note that u” is a non-atomic Borel
probability measure on (7, R). Thus, since ¢ is an isometry, u? o ¢ is a non-atomic
Borel probability measure on (7,d7). Secondly, p is a Borel probability measure on
(T, dr) by construction. Now, let A be the collection of sets of the form {p;}, {Z}},
T;, for i € ¥, and the empty set. From Proposition A.1.4, we have that A is a 7-
system. Furthermore, because for each € 7, (7,,(x))n>0 is a base of neighbourhoods
of z and contains sets in (.A), it is the case that A generates the Borel o-algebra of
(7,dr). Thus, by standard measure theory (see [17], Theorem 3.3), to deduce the
result, it is sufficient to check that the measures p and p? o ¢ agree on A. Since
both measures are non-atomic, we are left with showing that they agree on (7;);es, .
Recall from Proposition A.1.4(g) that u(7;) = ((i)>. Applying this and the identities
of (A.13) and (A.17), we have

u' o o(T) = p(T) = U(i)* = (7o),

which completes the proof. [l

145



Appendix B

Perron-Frobenius eigenvalue
derivative

In this appendix, we give a proof of the fact that the derivative of the Perron-Frobenius
eigenvalue of M(f), as defined in Section 1.6, is strictly negative whenever M (1) is
regular and (W1) holds. This condition guarantees that, if the branching random
walk model is applicable to the resistance perturbations, R$(n) converges in mean to
R¢, ([42], Theorem 1). In fact, that the assumption (R1) holds under the conditions

of the proposition is a simple extension of this result.

Proposition B.0.1 Suppose M (1) is reqular and assume (W1). Let p(6) denote the

Perron-Frobenius (mazimum positive) eigenvalue of M () for 6§ > 0, then

p'(1) <0.

Proof: We start by rewriting M (6) so that it does not depend on (H,),.z0. Define
N<9) = (n€€'(9>)e,e’€E0 by

N(0) := diag(H )M (#)diag(H?),

where entry in the ee’ position of diag(H*’) is H*’1._.. Since these diagonal

matrices are invertible, N(6) has the same eigenvalues as M () and
nee/(Q) =E (Z w@)el{Fi(Ge/)gGe}) .
i€s

Since M (1) is positive regular, then so is N(1). Consequently, the same is true for
N(0), 8 > 0. Furthermore, n..(0) is analytic in C for § = = + iy with =z > 0. Tt
follows from [16], Theorem 1, that for 6 € R, 6 > 0, the Perron-Frobenius eigenvalue
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of N(0), p(0) is differentiable. Moreover, if u(0) = (uc(0)).cpo, v(0) = (V(0)).cppo
are the left, right eigenvectors of N(6) corresponding to p(f) and normalised so that
YooUe(@uc(0) =1, > uc(f)v.(d) = 1, then u(0), v(f) are differentiable and w.(6) >
0, v.(6) > 0, for all e € E°. We can now follow a similar argument to [54], Proposition
2.2. First, we can differentiate u(0)N(0) = p(6)u(f) to obtain

W (O)N(0) +u(@)N'(0) = p'(0)u(®) + p(0)u'(0).
Multiplying on the right by v(6) yields p'(6) = u(0)N'(0)v(#). In particular,
,0/(1) = Z ue(l)ve/(l)E (Z w(z) lnw(i)l{Fi(Ge,)gG€}> .
e,e/ €E0 €S

Since (W1) holds, E(w(i) Inw(i)) < 0, for every i € S. The result follows. O
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Appendix C

Resistance and Dirichlet forms

The aim of this appendix is to explain the connection between Dirichlet and resistance
forms, at least within the framework of Chapter 2. In particular, we suppose that
(X, d, 1) is a measure-metric space satisfying the conditions of Chapter 2, and (£, F)
is a regular Dirichlet on L?(X, p) for which there exists a resistance form (&, F’)
such that 7' O F. Moreover, we assume that the topology induced upon X by the
associated resistance metric, R, is compatible with the original topology of (X, d). In
our description of the connection between the two quadratic forms we use the idea
of an extended Dirichlet space, which we shall denote F.. We follow [28] in defining
this to be the collection of p-measurable functions f on X such that |f| < oo, p-a.e.,
and there exists an £-Cauchy sequence (f,),>0 in F such that f,(z) — f(z), p-a.e.
Note that in this section we do not need the locality assumption on our Dirichlet form
(€, F) or assume that its extended Dirichlet space (£, F.) is a resistance form. Our

main result is the following.

Proposition C.0.2
(a) Define F = F' 0 L*(X, ), then (€,F) is a regular Dirichlet form.
(b) Suppose (E,F) is recurrent, then (£,F.) is a resistance form. The associated

resistance metric R” is bounded above by R, and for x # v, we have

R (z,y)™' =mf{E(f, f): feF, fla) =1, fly) =0} (C.1)

Moreover, R = R if and only if F, = F'.
Proof: The proof of (a) is straightforward. Clearly (£, F) is a symmetric, Markov
form. That it is closed is demonstrated in [39], Theorem 2.4.1. The denseness of its
domain in L?(X, y) and regularity follow from the fact that F D F.

We now prove (b). First note by the definition of F., and the fact that F’ is
complete with respect to £, we must have that F, C F’, so £ is well-defined on F,.

148



By construction, F,. is a linear subspace. Also observe that if (£,F) is recurrent,
then 1 € F, and £(1,1) = 0, ([28], Theorem 1.6.2). Hence, (&, F.) satisfies the first
property of a resistance form. That E(f, f) = 0 if and only if f is a constant, as
well as the fourth and fifth properties of a resistance form are easily checked. Thus it
remains to show that (F./ ~, &) is a Hilbert space, where f ~ ¢ if and only if f — g
is constant, and also that we can extend any function defined on a finite set of points
to a function in F,.. This final property is a simple consequence of the regularity of
(€, F), and we omit its proof.

Suppose (fn)n>0 is a Cauchy sequence in (F.,€&). Fix xy and define g,(z) =
fn(x) — fu(xo) € Fe. By the inequality at (2.17) for the resistance form (£, F’), we
have that (g, (z)),>0 is Cauchy, and consequently convergent, for each x € X. Define
g(x) := lim, ., gn(x), and note that (g,),>o is £-Cauchy. It follows that g € F., and
E(fn— 9, fn—9g) — 0, which completes the proof of completeness.

We have thus proved that (£, F,.) is a resistance form. That the associated resis-
tance metric R” is bounded above by R is clear from the definition of a resistance
metric after recalling that F, C F'. The expression for R at (C.1) follows from the
fact that F is dense in (F,&). The final claim is a consequence of the one-to-one
correspondence between resistance metrics and resistance forms (see [39], Theorem
2.3.4 and Theorem 2.3.6). O

A question left open by this result is whether F, = F'. In the case of (X, d) com-
pact, we shall show that this is true. This means that there is a natural correspondence
between the resistance form and a Dirichlet form, and thus also a connection between
the resistance form and a Markov process. However, in the general non-compact case,
this problem means that we are unable to say whether it is possible to construct a
Markov process that contains all the information about our original resistance form
(&, F).

In the case of (X,d) compact the previous result may be stated more neatly.
This is mainly due to the fact that the regularity of a Dirichlet form implies 1 € F,
which immediately implies the recurrence of the related semi-group in our setting.

Specifically, we have the following result.

Proposition C.0.3 If (X,d) is compact, then

(a) (E,F") is a reqular Dirichlet form.

(b) (€, F) is a resistance form. The associated resistance metric R” is bounded above
by R, and moreover, R” = R if and only if F = F'.

Proof: To prove (a) it suffices to show that F” is contained within L?(X, u). However,
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the inequality at (2.17) for the resistance form (£, F’) and the assumption that the
topology of R and d are compatible implies that 7' C C'(X). Consequently, because
X is compact and p is a finite Borel measure, we must have that 7' C L*(X, u) as
desired.

We start the proof of (b) by showing that (£, F) is recurrent. As remarked before
the proposition, that 1 € F is a simple consequence of the regularity of (£, F). Using
the first property of a resistance form, we must necessarily have £(1,1) = 0, and
hence (€, F) is recurrent ([28], Theorem 1.6.2). Consequently, the result will follow
from Proposition C.0.2 if we can show that F, = F. However, by [28], Theorem
1.5.2, we have that F = F, N L*(X, u). Note now that F, C F' C L*(X, u). Thus
F.NL*X, u) = F., and the proof is complete. O

Finally, note that this result implies the existence of proper resistance form sub-
spaces when we have regular Dirichlet form subspaces. A resistance form subspace
of a resistance form (€, F’) is a set F” C F’ such that (£,F") is also a resistance
form, and it is proper if F” # F’. The definition of a regular Dirichlet form subspace
is similar. For example, suppose that (X, d) is compact, so that (€, F’) is a regular
Dirichlet form. Now if F is a proper regular Dirichlet subspace of F’, then by the
previous proposition we have a proper resistance form subspace. Examples of when
this occurs appear in [26] for the case of X = [0,1]. Note that the regular Dirichlet
form associated with reflecting Brownian motion on the interval is also a resistance
form. Hence all the proper regular Dirichlet subspaces of this form that are exhibited

in [26] are also proper resistance form subspaces.
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