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Abstract

We consider a boundary value problem of the stationary transport
equation in a two-dimensional infinite strip domain. We prove the ex-
istence and the uniqueness of classical solutions to our boundary value
problem in the case that two coefficients in the equation are constants
and that both the boundary data and the scattering phase function are
independent of a spatial coordinate. We prove infinite differentiability of
the solution with respect to the spatial coordinate in this case, and we also
prove continuous differentiability with respect to the angular coordinate
under the assumption that both the boundary data and the scattering
phase function are continuously differentiable.
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1 Introduction

We consider the stationary transport equation, which is the following integro-
differential equation:

€ VI(,6) ~ (hal2) + o) (2, 6)
@) [ @&l doe =0, @9 exs', (L]

where 2 = R x (0,1) is an infinite strip domain in R2. Here, the absorption
coefficient p,(2) and the scattering coeflicient ps(x) are nonnegative functions
and the scattering phase function p(z,&,¢’) is a nonnegative function which
satisfies

/ p(a,6. &) dog =1, (2,€) € 2 x S,
Sl

We note that we call p,(x) 4+ ps(x) the attenuation coefficient and denote it by
pe(): pe(z) = pa(x) + ps(x). This equation is considered as a mathematical
model of propagation of photons with absorption and scattering [4] [5], and its
analysis has been very much paid attention to recently for its application.

We now pose a boundary condition to (1.1). Let us denote the boundary of
Qx Stby ;T :=R x {0,1} x S. We introduce a parameter ¢ to identify S*
with the interval (—, 7] by the relation & = (cos6,sin6) for £ € S*. Let us also
denote

Iy o={(21,0,8)]z1 €R, 0 € (—7,0)} U{(21,1,8)|z1 €R, § € (0,7)},
I :={(21,0,8)]z1 € R, 0 € (0,m)} U{(x1,1,8)|z1 €R, § € (—7,0)},
FO ::{($1,0,f)|$1 € ]Ra 0 e {O’W}} U {(xla 1,f)|(£1 € R’ NS {077(}}7

and I'=T,_UTI'_UT\,. We pose a boundary condition for the equation (1.1) as
follows:

](l‘,f)zlo(l’,f), (l‘7f) el (1'2)

where we later mention regularity of a given function Iy(z,§).
Prior to the mathematical analysis, we should give definition of solutions to
the boundary value problem (1.1) and (1.2). Let a function 7(x,&) be

)
" sinf’

7(x,€) 6 € (0,m)

and

171’2

7(x,8) == — 0 € (—m,0),

sinf ’

where x5 represents the second component of z € . We remark that 7 means

the distance between a point x € 2 and the boundary point x — 7€ € 0.

Since gin})T(x,g) = gliI:Itl 7(z,£) = oo for each x € Q, we define 7(z,§) = oo for
— — T

0 €{0,7}.



Let Cy ((Q X Sl) U I‘,) be the normed vector space consisting of all the
bounded continuous functions on (2 x $*) UT'_ with a norm | - || defined by

oo := sup (2, &),
(z,£)e(QxSTUT

and we remark that ((Q X Sl) U F_) is a Banach space. In a similar way,
we also introduce a Banach space Cp,(T'_) with a norm denoted by || - ||r_.
Under these preparations, we give the following definition.

Definition 1.1. We say I € C ((Q X Sl) u F_) is a classical solution to the
boundary value problem (1.1) and (1.2), if I satisfies the following integral
equation

T2, €) =exp (— | e =re dr) To( — 7€,€)

T t
+ Hs /0 exp <_/0 :U/t(x - 7’5) d?") /Slp(l. - t£7 ga 5/)‘[(1. - t£7 gl) dO’g/dt,
(x,€) e (Qx SYHUT_. (1.3)

We remark that D. S. Anikonov et al. [1] proved the existence and the
uniqueness of weak solutions to the boundary value problem (1.1) and (1.2)
for a more general case where € is bounded and 9 has C' regularity, but as
far as the author knows, the existence and the uniqueness of classical solutions
has not been explicitly proved. In this paper, we discuss the existence and the
uniqueness of classical solutions, although we restrict ourselves for the case of
the infinite strip domain. We also discuss regularity of the classical solution in
the case, and it is necessary in discussion of a finite difference approach, aided
by numerical computation, to the boundary value problem.

In order to state our result, we should pose some assumptions. We assume
that our given boundary data Iy does not depend on the first component 1,
that the coefficients p, and pus are nonnegative constants and also that the
scattering phase function p is independent of . Under these assumptions, we
remark that the solution I also does not depend on x1, and we can reduce the
equation (1.1) to the following equation

d
- sin@a—ml(xg,f)—(ua + ps)I (22, €)

[ €@ dog =0, (22,9 €2 x S
(1.4)

where € is the interval (0,1). We further suppose that p is continuous on S x S*.



Corresponding to (1.1), let us denote

I:={(0,6)¢e s }u{(L,¢¢es},
Ty :={(0,8)]0 € (7,00} U{(1,€)|0 € (0,7)},
I :={(0,8)]0 € (0,m)} U{(1,€)|6 € (—7,0)},
Lo :={(0,6)10 € {0,7}} U{(1,€)|0 € {0,7}},

and the boundary condition can be reduced to

I(anf) :j0($2»§)v (xZ,g) Gf‘f, (15)

where I is a given function corresponding to Iy on I'_. For simplicity, we omit
the tilde and the subscription of x5 in the discussion below.

We rewrite the definition of classical solutions for our boundary value prob-
lem (1.4) and (1.5) as follows.

Definition 1.2. We say I € () ((Q X Sl) u l",) is a classical solution to the
boundary value problem (1.4) and (1.5), if I satisfies the following integral
equations: for z € [0,1) and 6 € (0,7),

I(l‘,g) = exXp <_Mzijl_:sx) IO(O7§>

T L. (—’“‘a.+ hs <x—t>> [ senee)dsear (1.6
0 St

sin 6

and for z € (0,1] and 8 € (—m,0),

I(2,€) =ex p(“a *;‘“u 9) f(1.)

(ﬂa + Hs

t— NI(t, &) doedt. (1.7
-t t-a) [ ey dogar )
Remark 1.3. If the solution I exists and belongs to Cj ((Q X Sl) U I’,), we
differentiate the right hand side of (1.6) and (1.7) with respect to x to obtain
the following equations: for z € (0,1) and 6 € (0, 7),

g __/Ja+/J/S _Ma+ﬂs
3m($’£)_ sin @ & ( sin @ z ) £o(0,¢)
e N
e [ e e o
_:ua+,u/s s z Mtl_'_/fts _ , ,
sin 6 sin@/o exp( sin 6 G t>> /Slp(ff)f(t,ﬁ)dagdt
:U’a_"/ufs

== S @O+ g5 | pe )€ doe



and for z € (0,1) and 0 € (—m,0),

ol _ Ha + s Ha + Hs
oz (2,€) = sing < sin 0

(1-)) 1(1.)
e [ b€, ) do

1
P 7 (ﬂa*ﬂs@ - x)) [ &) o

sinf sinf J, sin §

_ Ma Tt s Ihs , )
-t re g+ £ [ pe )T 8) dog.

S1

Substituting « = 0 for the equation (1.6), we have I(0,£) = Iy(z,§) for 6 €
(0,7). Similary, substituting @ = 1 for the equation (1.7), we have I(1,{) =
Iy(1,¢) for 6 € (—m,0). Consequently, the classical solution satisfies the equa-
tion (1.4) with the boundary condition (1.5) except for 6 € {0, 7}.

In this paper, we prove the following three theorems, which are the main
results.

Theorem 1.4. Suppose that Iy € Cyp(T'_) and pg > 0. Then the equation (1.4)
with the boundary condition (1.5) has a unique classical solution I.

ol
Theorem 1.5. Under the same assumptions as Theorem 1.4, there exists 9%
x

in C(Q x SY). Moreover, the classical solution I is infinitely differentiable with
respect to x in Q x ST.

Theorem 1.6. In addition to the assumptions in Theorem 1.4, we suppose that

1 1
p is continuously differentiable and that % € Cp(T'~). Then, there exists %
in C(Q x SY).

2 Existence and Uniqueness of Solutions

We give a proof of Theorem 1.4. We firstly prove the uniqueness of classical
solutions by some estimates and secondly prove the existence of a solution by a
constructive method.

2.1 Uniqueness of Solutions

We start from the following proposition.

Proposition 2.1. Suppose that Iy € Cy(T'~) and p, > 0. Then, the clas-

sical solution I to the boundary value problem (1.4) and (1.5) is unique in
Cyp ((Q X Sl) UI‘,), if it exists.



Proof. Let I; and I be two classical solutions and let us denote by I the dif-
ference of these two functions; I := I — Is. Then, by definition of classical
solutions, I belongs to Cy ((€2 x S1) UT_) and satisfies the following integral
equations: for € [0,1) and 6 € (0,7),

b e (<Pt g) [ e e doed (1)

sin 6

I(x,€) =

sin @

and for z € (0,1] and 0 € (—m,0),

Mo == [ow (Pt i) [ eonee)aed.  (22)

sin 6 sin 6

By the equation (2.1), we obtain, for z € [0,1) and 6 € (0,7),

ps  [* Fa + s )
—t doerdt|| I oo
Lo [Cew (20 0) [ st €aoeatln

Hs ’ Ha + fhs
= ——(x—1) | dt||{]|co
s

Ha + fhs

[1(, &)

IN

[1]]oo-

Similarly, by the equation (2.2), we obtain, for x € (0,1] and 6 € (—,0),

Ma + s /
1 < - t— doerdt|| I oo
1)< - [ow (M le e ) [ pie. et
Ha + s
= — dt|| 1| so
s1n9 < sin 6 (t w)> o
< || loo-
Ha + Hs
Thus, we have ||I]oc < 'lj: II7|lco, which leads us to the uniqueness of the
Ma T s
classical solution. O

2.2 Existence of Solutions

We prove the existence of classical solutions to the boundary value problem
(1.4) and (1.5), and, to this end, we deﬁne a sequence of functions {I(™},,5¢ in
Cy (2 x SYYUT_). We firstly define 1) € Cy, ((2 x ST)UT_) as follows:

o For z € [0,1) and 6 € (0,7), I (z,€) := exp (—“‘;i::sx) 16(0, ).

e Forz € (0,1] and 6 € (—,0), IO (2,&) := exp (M‘;i:l_:s (1- x)) In(1,€).

e For 2 € (0,1) and 0 € {0, 7}, IO(z,£) :=0



Once we suppose to define up to I, we define 1"tV as follows:

e For x €[0,1) and 6 € (0, ),

n s N a1 Hs
I( +1)(l‘,§) = Sﬁlg/o XP <_”Sinéu} (l’-t))

x / p(&, &) 1M (t,¢) dogdt.
Sl

e For x € (0,1] and 0 € (—m,0),

1
I("+1)($,§) — _ Hs / exp <Ma + Us (t — CC))

sin 0 sin 6

< [ e o

e For z € (0,1) and 6 € {0, 7},

10 (e, 6) = /S 6™ (2, ) do.

For the sequence {I (")}nzo, we have the next proposition to conclude that
the sequence is well-defined.

Proposition 2.2. If Iy € Cy(T'_), then I € C, ((Q X Sl) U F,) for all the
nonnegative integers n.

Proof. We prove it by induction on n. We consider the case n = 0. We remark
that I satisfies || 1(9|o < ||Io]|r_. To prove continuity of I®), we must check
continuity at (z,€) € (0,1) x {£o,&x}, where we denote by &, and &, the points
(1,0) = (cos0,sin0) and (—1,0) = (cos,sin), respectively. Continuity at the
other points is obvious. Since Iy is bounded, for x € (0, 1),

. (0) T 7#(1"‘#5 _
ln 1z, €) g{gexp( ) x) 10(0,6) =0

and
lim 7 (2, £) = lim exp M(l —z) | Ip(1,&) = 0.
010 ’ 010 sin 0 ’

In the same way, for z € (0, 1),

im 7O _ Ha s _
Jim 10z,) gliljlﬂexp< -l g x>>10<1,e> 0



and

. . a s
lim 7(©) = lim _HaT Py 1p(0,&) = 0.
GITW (LIZ’, 5) 91T7r eXp sin 6 . 0( ’ 6)

Thus, we show that I(9) € ¢, ((Q X Sl) U F_).
Next, we suppose I € O, ((Q X Sl) U F,). We can prove the following
lemma by straightforward estimates.

Lemma 2.3. Suppose I™ € Cy ((Q X Sl) U F_). Then, the following estimate
holds:
110D o < B 1. (2:3)
Ma + s
From Lemma 2.3, I(™*1) is bounded on (2 x S*) UT_. We prove continuity
at (z,€) € (0,1)x{&o, & }. For the same reason as the case n = 0, this completes
the proof. We consider continuity as 6 | 0 and as 6 T 7. Using the following
equality: for all z € [0,1) and 0 € (0, ),

fe P / exp —L,Jrus(x—t) dt
e +ps  sind J sin @

Hs Ha + s
— 24
e () e

we have, for z € (0,1) and 0 € (0, 7),
(10 (@, &) — 1 (2, 6))

E ‘/.ts exp <_/f4a + Hs I) /Sl p(go’gl)l(n)(x,gl) dO’gl

Ha + s sin 6
ps  [* fa + »
- 0 s — / n / ,
* Sinﬂ/o eXP( sind (z t)) dt /Sl p(&0, &)™ (z, &) doe
- Hs ’ _M _ / (’I’L) 7
sin9/0 exp( sind (z t)) /S1 p(&EN (L, &) dogrdt
< i+ Jo+ Js,

where

ps [ fa + fis
Jp = — —1) | dt
! sin0/0 exp( sin 0 (@ ))

x / (60, €) — p(€, ENIT™ (2, €| doer,
Sl

. Ms ‘ Mo s,
J2 = si 9/0 exp( sin ¢ (@ t))

x / P& ENT™ (a,€) — I (1, ¢')| doerdt
Sl

and



o= gt e () [ e e lane

Lo + Ms sin 0
We estimate each term of the right hand side. By definition of J;, we have

_Ha

Ji1 <
Ha + [s

27| 1| oo maXIp(fouf) p(&, &)

Si i ti li " — Y = 0. Th t 1i =0.
ince p is continuous, 91&)1 g/neaégg [p(&o,&") —p(&, &) us, we ge 01&)1 J1
Also, by definition of J3, we have

Hs Ha + Hs (n)
Js < — I || o-
e e

+ . .
'uasmgusx) =0 for all z € (0,1), we get lalffol Js = 0. Finally,

for all § with 0 < ¢ < x, we have

Ia + fhs
bm@/ EXP( sin § (@ _t)>
) / p(& N (2, &) = 1M (t,€')| dog dt
S1

Hs * Ha + s
* sin § /‘%5 P ( sin 6 (== t)>
* / p(& NI (2,€) — 10 (¢,€)| do dt

S1

s a+,ufs
<91 1™ Ooui _HK 5
T ety

From lim exp (—
010

Hs 3 (n) (n) /
———  sup max | I (x, &) — T (¢, € ) .
’ua _|_ /J/S tG(ZL’*&,I) (gesl | ( ) ( )|

Accordingly, we have

lim Jy < su max | (™) I™(t )
610 2= Mo + Ms te(m—%,m) (565?1(' ( £ ) ( f )I

Since I(™ is continuous by the induction hypothesis, the right hand side of this
inequality becomes smaller as 0 becomes smaller. As a result,

. (n+1) _ 7(nt+1) =
B{B'I (,80) — 1" (,8)] = 0.

Similarly, we can prove that 1911{11 [TFD (2, &) — T (2, €)| = 0. We secondly
consider continuity as # 10 and as § | —7. For z € (0,1) and 6 € (—m,0),

|I(n+1) (517750) - I(n+1) ($7£)| < J{ + Jé + J§7



where

1
r . Hs Wa + s B
Ji = 751119/,: exp< ] (t x)) dt

x / D60, €') — p(€, €)1 (€| dore.
Sl

1
/. ,LLS Na+ﬂs _
2= s1n9/ Xp< sin 6 (t )>
) / p(& NI (@,€') — 1M (t,€')| dogdt
S1
and
;. Hs Ha + fhs o ) 7(n) / ,
i ua+usexp< smo x)> /slp(€°’£)|l ()l dog.

Here, we used the following equality: for all z € (0, 1] and 6 € (—,0),

s Ma"’,us
= [ oo (Mg o) @
LM exp<“a,+“5(1—x)). (2.5)

Ha + s sin

In the same way as the case 6 € (0,7), we can prove that

lim |10V (2, &) — 10D (2,6)| = 0

610
and
Jim (1049 (@, €)= 104D (2,€)] =
As a result, we conclude that I™*Y € G, ((2 x ST)uUT_). O

We define a sequence of functions {I,,},>0 by

n

In(JT,f) = Z I(k)(l‘,f)

k=0

By definition, I, belongs to CY ((Q X Sl) U F,) for all the nonnegative integers
n. Since the estimate (2.3) holds for all n, we obtain

n s "
10l < (-2 Mol

Accordingly, we have

i 7(F)

k=n-+1

HIm - In”oo =

m m k
<Y Wl 3 () nle

k=n-+1 k=n-+1 Ha + s

o0

10



for all the nonnegative integer m and n with m > n. Since p, is positive, the
right hand side of the inequality tends to 0 as m and n tend to oo. For this
reason, {I,}n>0 is a Cauchy sequence in Cj, ((€2 x S') UI'_). Consequently,

from the completeness of the space, we conclude that there exists [ = lim I, =
n—oo

ZI me QxSl)UF)

At the end of this subsection, we check that the function I above is indeed
a solution to the boundary value problem (1.4) and (1.5). For z € [0,1) and
6 € (0,7),

§) = if(")(x,f) =19(x,6) + il’(“)(:p,g)
n=0 —_
=exp (—”Sljg‘x) 15(0,€)
+ 2 Siunse 01 exp </‘t;i'1’l‘é“s (z — t)) /Sl p(€, €NV (t,€) doerdt
=exp (—”Sljg‘x) 15(0,€)
+ Sil;se /O‘Texp (Nc;;e/‘s (x — )>/ (X)) nzoj(n (t,€) doerdt
=exp (—Wx) 15(0,€)

Hs ’ Mo + s , ,
+sin0/0 eXp< "o _f)> /glp(f,ﬁ)l(t,ﬁ)dogfdt,

o0
where we used the uniform convergence of Z I™ in the fourth equality. Sim-
n=0

ilarly, for « € (0,1] and 6 € (—m,0),

ro.6) =ewp (25001 - ) 1(1.)

1
Hs Ua T+ s , ,
g / exp( SRYRRG a:)) /S D& €)1, € dog

Therefore, I is a solution to the boundary value problem (1.4) and (1.5).

3 Differentiability with respect to x

If the function I is the unique solution to the boundary value problem (1.4) and
(1.5), I satisfies

ol . Ma Tt s
%(%E) T sinf

I+ 525 [ ple €)1, dog

11



except for § € {0, 7}. Since I is continuous on (2 x S1)UT_, the right hand side
of this equation is also continuous except for 6 € {0,7}. Now, it is not obvious

I
whether g—(:p,g) is defined and continuous at 6 € {0,7}. In this section, we
x

I
prove that g—m belongs to C( x S1).

3.1 Preliminaries

We prepare some notation to prove Theorem 1.5. We take a number § with
0 < ¢ < 1/2 and denote by K a closed interval [§,1 — §] in (0,1). We also

o0
take a sequence of positive numbers {0y, },>0 such that Zén = ¢, and the

n=0
n n
corresponding closed intervals { K, },>0 such that K, := lz Om, 1 — Z (5m] )
m=0 m=0
We introduce the supremum norms || - ||x and || - ||, by

||k :== sup |I(z,)|
KxS?t

and
HI”n = Sup1 |I($,§)|,

KnpxS
respectively.
We differentiate each term of the series {I(™},> with respect to x. For
z € (0,1) and 6 € (0, 7), we have

o1 fia + ps fia + s
Ox (,€) sing ( sin 0 3:) 0(0,€),
oIty H '
—_Is 1M (z. ¢ ,
g0 =22 [ e )10, o

telte ) [ (el )

sin® 6
) / p(& N (¢, ) doe dt.
Sl

For z € (0,1) and 6 € (—,0), we have

81(0) Mg + s Pa + s
ar 3 sinf o ( sin 6 ( x)) o(1,8),
HIn+1) 7 ,
=1 I™(z, ¢ .
5.0 =5 [ p(e )1 o) dogt
ps(pa + ps) [ Pa =+ [s
+ sin? 0 / P sin 0 (t—2)

x / (€)W (t,€') doerdt.
Sl

12



For z € (0,1) and 6 € {0, 7}, we have formally

o1
—(2,€) =0,

o1t s o1
g @)= /Slp(f’gl) g (0:€) doe

o1
X

is bounded on K, x S! for all n.

is bounded on Ky x S!, the following lemma guarantees that

Since

oI
ox

() o1+

Lemma 3.1. If 3 exists and is bounded on K, x S, then 3
x x

on K, 11 x S' and the following estimate holds:

exists

o1

29 n £
P10 oo + —E— ||

S e
n+1 e(ua + Ms)(anrl Ha + Hs

dI(n+1)
H ox

n

Proof. For x € K,,11 and 6 € (0,7), we have

Hs N 7(n) / ,
Lo | e 18 do

T—0n41
_ tos(fta + fhs) / exp (_.Ua + fs (z — t))
0

sin? 6 sin 6

aI(nJrl)
)| -

< [ Pe ) 1.6 dop
Sl
_M/ exp (_uaﬂls(gj_tﬂ

sin® 0 Jas,, sin
< [ e, doear
Sl
S J4 + J5 + J67

where

T—0n+1
7. PW/O exp (M(z‘ - t)> /Slp(f,él)

sin® 0 sin 6
L Hs Mo T+ s ’
& " sind xp ( sin 0 6n+1> /31 P& ¢)

and

J6 Z_A exp (_M(x — t)) /Sl p(é-?é-/)

sing Jo_s,., sin 0

1™ (t,¢")| doedt,

1@ = 6,41, ¢')| doe

a1

Ox )

dUg/ dt.

13



Here, we did integration by parts with respect to t to obtain Jg. Since [z —
On+1, 2] C K, we obtain

R B e e e
< LH ™| + _ps|joI™
e(pa + f15)0n+1 fa+ s || Oz ||,
Here, in the last inequality we used the fact that the function
F(2) 1= 2052 exp (~ (0 + 1) bus12) . 2 € (0,00)
achieves its maximum value 21t = 1 . Similarly,

———atz = ———
e(ﬂa + ﬂ8)5n+1 (Na + N8)5n+1
for x € K41 and 6 € (—m,0), we have

‘3](71-&-1)

e (w,f)‘ < JitJs+ Jg,

where

1
s a+ s a+ 5 n
7= o on (Mgt n) [ e edea

sinf J,ys,,., siné sin 0

fhs ta + fhs
& “sing P ( ”H) / (&N (@ + 6r10), )] dogr
and
T+0n41 n)
IU/S ,ua + ,U/s 8[
Jo=—— t— dog:dt.
b [ e (M) [ ntee)| %06 doe
Since [z,z + §,41] C K, we obtain
9I(n+1) 214 . 55 s oI
(2.6)| < i exp (~EeThe g ) 1)+ e
ox | sin 6| | sin | u +us || Oz ||,
2 a1
< o+ e |2
e(fta + f1s)0n+1 ‘|‘ Hs n
For x € K,,+1 and 0 € {0, 7}, we obviously have
oI+ Lhs o1
z,§)| <
‘ Ox ’ Ha + s Oz n
Therefore, we obtain the statement of the lemma. O

14



3.2 Differentiability with respect to x

~ Ha Ha Hs .
Let us denote ==, 0p = = 6, and ¢, = = 0,. Using Lemma
o e O s T s " 8
3.1, we get the following estimates:
oI oY S 2t
< Hs n s ||I(n_1)||oo
0x ||, ™ Ha + bs Ox o1 e(fa + js)dn
n (0)
< s ol
T\ Ma T s oz 0

2M n—1 1 M n—1—k
+ s s I(k) -
6(#(1 + NS) ,;J Ok41 (Na + NS) ” H

k
Remembering that |||, < (,us> Iollr_, we have
Ha + s

n—1 1 n—1-k
b (o) I
Ha + fis

n—1 1 M n
< d I,
o 61€+1 (Mu"’ﬂs) H OHF_

~ k+1 n
1 a s s
k—0 50 /145 /~La +/ffs

n—1 ~ n
< HIOHIL Z (:U/a +M5>

do Ha + Hs

k=0
Ul (Pt e’
do Ha + Hs
Consequently, we have
< ( s )
n Ha + s

Hence, for all the nonnegative integer N,

o1
ox

o1
H or

2 (fia+ps\" [ ollr
+n(u +u) 1 Zollr_

o ¢ Ha + s do

N N
7(n) 7(n)
> %], <]
n=0 x K n=0 X n
N n N ~ n
o1 Z ( Hs ) n 2”[0”1"7 Zn<ﬂa+ﬂs>
B Ox 0,—0 \Ha + ps edo "—0 Ha + s .

(3.1)
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Hs and Ha + s

Since both are less than unity, the right hand side of the
fha + fs fa + Hs
> 91
equation (3.1) converges as N tends to oco. This implies that the series Z 3
x
n=0
converges absolutely and uniformly on K x S'. We can prove in a similar way as
o1 = o1
the case with (™ that is continuous on K,, x S for all n. So, 3
x
n=0
is continuous on K x S!. Now, we can take any § with 0 < § < 1/2 and we

o & o1

il 1
conclude that o 5 belongs to C'(£2 x S*).

3.3 m times Differentiability with respect to x

Let 6 and K be the positive number and the closed interval defined in subsection
3.1, respectively. We take a sequence of positive numbers {,},>0 and the
corresponding closed intervals { K, },>0 as in subsection 3.2, and suppose that
I™ is bounded on K, x S' up to m times derivatives with respect to 2. By
the same discussion as in subsection 3.1, we obtain the following estimate.

Lemma 3.2. For all the nonnegative integers m and n,

dxm n+1 _Ma +/J’5 dxm n
m—1 m—1
s m—1 D)
e (Go) |
fa + prs = \ €0nt1 or' ||,

25 ( m )m
+ I™||so.
e(ﬂa + /LS) €dnt1 ” ”

Proof. For simplicity, we give a proof only the case m = 2. Proof for the case

16



m > 3 is similar. For z € K,,41 and 0 € (0,7), we have

821(71—1-1)
)
— | L p RUREL +1 / p(§,¢) n($—5 +1,&) dog
sin 0 ing " g1 7 Oz e ¢
tos(fta + fs) fa + fs / N () '
5n ) I _571 ) dog
Sin29 ( sin 6 +1> 51 p(é g) ('T +1 5) O¢

ps [* Cpatps, LRI
+ sin 0 —8nt1 eXp( sin 6 (.’E t)) /Sl p(gvf) 8.T2 (tag)ddgldt

s(lag + 52 2=0n+1 a + Us / n /
+u(uu>/0 exp(—“. : (x—t))/SIP(f’f)I( \(t.€") dogdt

sin® 0 sin
Hs Ha + s o1
<= — On
- <sin96Xp< sin 6 +1>> H or ||,

frs(Ha + Hs) Ha + fis (n) Hs o1
2 ————= — 0 I || —_—
e (o (e ) e 2 [T
Using the fact the function
fm(2) == psz2™ exp (= (pta + pts) On412) 2z € (0,00)
achieves its maximum value Hsht — at z = _m for all
(e(tta + 1s)0n+1) (o + ths)Ont1
m € N, we obtain the following estimate for « € K, 1 and 6 € (0, 7):
H2 [(n+1) LLs 921(n) LLs 1 o1
— o (@8] < +
Oz Pa + s || 0x2 ||, pa+ ps €0ntr || Oz ||,
Hs 8 n
1 oo

T .
Ha + s 625721+1

For the case z € K, 1 and 6 € (—m,0), we obtain the same estimate as above.
This completes the proof of Lemma 3.2. O

Now we take {d,, }n>0 as follows: for a fixed m € N,

Jo = 83" = (1 - <ﬂ ﬁu)) ’

1

Opay = 0™ = “S)mﬁm.
+1 n+1 (ﬂa + s n

and

s

Here, we remark that < 1 for all m, n from the definition of §.

17



gm1n)

Then, we can prove that the series Z
n=0
uniformly on K x S'. We show the convergence in the case m = 2. Applying

Lemma 3.1 and Lemma 3.2, we obtain the following estimate:

converges absolutely and

82]( ) Lhs 82[(7171) Lhs L 6[(7171)
0x? || T pa + s 8x2 ne1  Ha+ s €0y or  ||,_1
ke Tl
Ha + [s 6252
27(0) n-l n (0)
<( LLs > 0°1 +Z 1 < s ) ol
Ha + s Ox? 0 k=0 e(sk-‘rl Mo + Ws Oz 0
n—1 k—1 2'u M n—1
+ S S I(O) -
z:: 65k+1 =0 € (fa + ps) Op—1 (,Ua + Ns) | ”
n—1 n
1 s
+8 () MOl
k=0 (65k+1) Ha + Hs
We now take 67(12), defined above, as §,,. Since 57(3) < 1 for all n and et <1,
1 T
the following estimate holds: for all k with 0 < k < n, — 5 <
5](€ ) — 5( ) (5(2))
After all, we obtain the following estimate:
o21(n) Lhs " 52100 a](O)
5| = ) 15 s ) 155
ox tha + fbs oz ||, 6(5( lha + s
-1 s s
P20 D () o (L ) M
(6(55,, ))2 Ma + s 5( N2 \ fa
, 27(0) 7(0)
S( fhs ) : ’ L (uaﬂzb) 0
ta + s 02% g e(s{)2 \Ha + ps
+ n(n—1) </1a+,us>n” 70 I ( +U9> O)H )
(65(()2)) Ha T+ fhs (2)
Therefore, for all N,
02 |l Tl 02 g = \ ba + K
1 (oI S8 [ e+ s \"
T I (uﬂt>
e(d6)2 Il 0% o =g \Ha + pis
1 S fia + ps\"
+ I(O)oo nn+7 ( a S) . 3.2
el ot +7) (£ (32

18



Since the right hand side of the equation (3.2) converges as N tends to oo,
o0
921
the series E 0a converges absolutely and uniformly on K x S'. We can
T
n=0

aml(n) U

in the same way as I(™. Therefore, 3 =
l.m

also prove continuity of

> am](n)
Z ET is continuous on K x S!. Since we can take a compact set K
x

n=0

m

I
belongs to C(Q x S*).

arbitrarily, we conclude that
oxr™

4 Differentiability with respect to 6
We discuss differentiability of I with respect to 6 in this section.

4.1 Preliminaries

We now differentiate each term of the sequence {I(™},,> with respect to 6.
For z € (0,1) and 6 € (0, 7), we have

8gg)) ,€) :N:H:; gsxcosﬁexp (—u‘;;r:gx> (0, €)
+ exp (—M‘;J:saz> %(0,5),
8]2:1) (z,8) =— M;;gze/ozexp (—W(m — t)) /Slp(ﬁ’fl)f(”)(t,f’)dagfdt
n Ms(ua:i;léﬁ;) cos 0 /Om(x —t)exp (—M‘;ijl_:s(x — t))

X / p(€7 fl)l(n) (t, 6/) dO’g/dt
St

Hs ) _M _ @ / (n) /
+ Sin@/o eXp( sin@ (iC t)) 51 80 (676 )I (tvg )dO’g/dt.

19



For z € (0,1) and 6 € (—=,0), we have

010 ot s ot s
50 (1;75):/1/81112/5 (1 —x)cosfexp (,u a (1—3:)) Ip(1,¢)

sin 0
Ma+//fs aIO
row (Lol -0) Soe),
orn+n pscost 1 Lo + f ,
,€) =2 fa T 05— NI (¢, € doerdt
g 00 =20 [ (B a)) [ e )00, o

| Hs(Ha + p1s) cost /:(t _ 2)exp (Mﬁﬂs(t - x))

sin® 6 sin 6

x / p(&, NI (1, €') dordt
S1

1
S a+ S 8 / n !
a / exp (,u K (t—x)) . 8—2(5,5 WM (t, ¢ doerdt.

sin 6 sin 0

In the case of € (0,1) and 6 € {0,7}, unlike the other cases, some further
discussions are needed. We first introduce the following proposition.

Proposition 4.1. For z € (0,1) and 0 € {0, 7},

o1
60 (x7 €) 207

o1t s
og ("0 =
Ha + s

s , a]’(n) ,

Proof. For n =0 and z € (0, 1), since I is bounded on I'_, we have

0D (¢ oy ¢
5 & &N @€ doe

. I(O)(:L’vf) - I(O)(.’E,fo) . 1 Ha +;U’s

Gl i g (g ) 06 =0
and

. I(O)(:L’vf) - I(O)(.’E,fo) . 1 Ha +MS

i 9 =lim g exp (me“ - ”) fo(1,6) = 0.

Thus, we have for z € (0,1) and 6 =0,

o1
00

(z,€) =0.
Similarly, we have for x € (0,1) and 6 = 7,

o1
o0

(33,5) =0.
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For I("*t1) | we consider differentiability only at 6 = 0. Differentiability at § = =
can be proved similarly. Using the equality (2.4), we have

(n+1) _ 7(n+1)
610 %)

. ps [ Ma + fs
=1 - —t
01?01 { Osind /0 xp ( sin (@ )>

< (e 1.8 a0 )1 0.) docs

——te _Ha Tl 1 7(n) ! /
O(pa + fts) P ( sin 6 33) /Sl p(&o, &N (2, € )d05 }

= 1.
91?01@7 + Jg + Jy),

where

. Hs ¢ Mot Hs,
Jr = Gsine/o exp( sin 0 (@ t)>

x / (P&, €') — pléo,€1)) I (, ') dordt,
Sl

N CBatps,
Ja = GSinﬁ/O exp( sin 0 (@ t>>

< [ plee) (17(0.¢) - 1(w,€)) dodt
.

and
Hs Ha + s N 7(n) /
Jg i= ———— exp <_ ; x) / (&0, &)1V (2, &) dogr.
9 e(ua ’us) o (50 5) ( f) 1

Now, we consider the limit of each term above. Since z € (0,1), we have
%iﬂ)l Jog = 0. We also have

_ Hs Ha + s p(€,€") — p(&o,€') (n) ,
=t (1o () [, PG e

Since p is continuously differentiable with respect to 6, we can change the order
of integration and taking the limit. Hence, we have

. Hs dp N 7(n) /
1 = = I dogr.
WS et s Jor 00 S T8 e

We take ¢’ with 0 < ¢’ < d,41 and separate the interval of integration in Jg

21



into two parts:

z—38' x
s Ha + Hs
Jg = _ _
® 7 fsind (/0 +/$_5/> P ( sin 6 (@ ))

< [ 96 (17(0€) ~ 1w 6)) dot.
.

The integral over [0,z — §'] above tends to 0 as 6 tends to 0. We integrate the
second term by parts with respect to ¢, and we have

Tand /:5, P ( M[;i;reﬂ (o - t)>
« [ e (190.6) = 1) (w.€)) doe
=t e (“Ig‘a) 66 (1766) = 17w = 8.6 doe
“a i Lo ()
< [ ey (Sr.e) - 2w doga

Hs N Mat s / o1 /
gt [ ew (i) [ e )% w6 o

The first term of the right hand side above tends to 0 as 6 tends to 0. From the
third term, we have

i Hs ! Ha + Hs , oI ,

1 0 1) - - ’
91?(} 0(pa + ps) /:rfé’ P < sind (= t)) /51 P(&:€) ox (2, &) dogdt
i Hesin® (et s NOIm

Bfol 0(pq + 115)? (1 exp < ] 5)> /51 p(§, &) o (x,¢) doe

__Hs , 01 ,
(Ha + f15)2 /Slp(fo,f) - (x,&") dogr.
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Finally, we estimate the second term:
_L/x exp = Fa Tt gy
O(ka + 11s) Jos sin ¢
o1 o1
! N !/ d /dt
< [ e (Grwe) - ) doa

Hs ’ ( Ha + s )
< — exp [ —— r—1t))dt
< o (e

(n) )
O gy = L <x,§>D

X sup (max

te(z—08",x) \§ES! ox ’ ox
s sin 6 o1 a1 D
0 7, S | max LE) - 5)|).
B e(ﬂa + ,Us)2 te(%g«,m) (5651 Or ( ) ox ( )

From the estimate above, we obtain

Hs ’ Ha + fs
_ — —1
O(pa + pts) /1—6’ P ( sin 6 (= )>

PN ) AT A
X/Slp(£75)< ox (t7§)_ o (l‘,f)) do—fldt’

a1 a1
oz t&) = oz (@, )D

lim
010

< M sup (max

o (Na + /148)2 te(x—d',x) £est

oI

Since is continuous and bounded, we can make the right hand side of the

x
inequality arbitrarily small by taking 6" sufficiently small. Therefore,

: I(n+1)((£,€) B I(nJrl)(xng) Hs 8}7
lim = —
010 0 ta + s Jg1 00

(€0, €)™ (2, &) dogr

(n)

s N OL ,
- ot [ e ) ) do

Using the equality (2.5), we have

lim I(n+1) (1[,’, 5) - I(nJrl) ((E, 50)
610 %)

— 1~ ! ! !
i (J7 + Jg + Jo),
where

1
;. Hs Ha + fhs
= QSinﬁ/ﬁ exp( sin 0 (t x))

x / (P(E.€) — plE0, €)) 1™ (2, ) doerdt,
Sl
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/o Hs ! Ha + fs
Js = 7651119/1, exp( sin 6 (t:c))
’ ’ I(n) t, ’ _I(n) , l doerdt
< [ ped) (190.6) 10,1 do

and

S3

'_L X Fa ¥ Ks — N 7(n) / ,
"wm+%ﬁp(sme“ @>Ly%fﬂ (2,€) dog.

In the same way as the case 6 | 0, we have

dp
li J/ — s e / I(n) / doer
01% 7 Ma"_,u/s g1 89(£O7§) ('T’?g) g¢ry
al(n)
limJ, =— —F* / N (x,¢') dog
91%1 8 (ua+us)2 Slp(&)’g) ox ($7£) ¢
and
lim .J}, =0,
010
that is,
10 (2,6) — 107D (2, &) 7 dp
1. b 9 _ S et / I(n) ! d ,
01%101 ) T 89(5075) (z,¢') dog

s , 01 .
_m/slp(go’g) O ($,€)d0’£/.

Thus, we obtain the statement of the proposition.

With a similar calculation, we can prove that

. 8I(n+1) 8I(n+1)
i g (@8 = —5p— (@)
and
. oIty oI1(n+1)
M 5 8 =~ (&)
8I(n+1)
for 2 € (0,1), that is, 5 is continuous on  x S™.
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4.2 Differentiability with respect to ¢
We prove the following proposition.

(oo}
o1
Proposition 4.2. For every compact set K in (0,1), Z W(x, &) converges
n=0

absolutely and uniformly on K x S'.

We take a closed interval K, a sequence of positive numbers {4, }n>0 and
the corresponding closed intervals {K,},>0 as in subsection 3.1. Then, the
following lemma holds.

(n)

1
Lemma 4.3. If 9 exists and bounded on K, x S, then the following esti-

mate holds:
o0 ntl (Ha =+ ths)?On1 > (Ha + ps)? || Ox n
2mps || Op (n)
Ha + ps || 00 ||

with some constant C' > 0.

Proof. For x € K, 11 and 0 € (0, 7), separating the interval of integration into
two parts and integrating by parts with respect to ¢, we obtain

oI +1)
T(xug) =Jiwo+ Ji1+ Jizg + Jis + J14,
where
z—3
ps cost m Ha + s " 7(n) /
= _Ha T Hs, I ,
o sin 0 /0 eXP( G t>) /Slp@,f) (t,€') dogdt,
__ pscosh  Hat s T /
n s?g exp( Sinf 5n+1> /S PN (@ = 6011, ) do,
pscosh [ Lla + [Ls
= —t _ ¢t
Jia snZ 0 /wénﬂ(x )exp< o (z )>
o1
' t,&") doerdt
X/Slp(§7§) ax(,f) O¢ R
I_5n+1
_Hs Ha + ps,
= '_sinﬁ/o sin? 9 (z =) cosf
Mo + s " 7(n) ,
_HaT HBs 7 ,
xeXp( g 2 t)) /Slp(ﬁ,f) (t, &) doedt
and
e [ (Mt P e ey ¢
Jua ._Sinﬁ/o eXP( sin@ (x t)) o 80(5»5)] (t,&') doge dt.
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Here, we obtain the following estimates:

Hs Ha + s n
‘J10| < mexp < Sin 0 5n+1> ||]( )Hoo
1™
T (Ma + ps)?€dnt1 ’
IJ’S (n)
J "o,
IS s,
Jia| <
‘ 12| = (/J/a"i',uls)2 ax na
Hs )
J I'"|| oo,
‘ 13| 4( + Ms)2626n+1 ” ”
and
27 g (n
| J14] S 'u H Noo-
Thus, we have
8[<”+1) L "
&) <— 1™+ s 1™
‘ 20 ‘ B (,U'a + Us)265n+1 ” ” 2( + M5)2€25n+1 Il H
Hs orm 27 N
+ P III( Moo (41)
(fa + ps) oz |, Ma + s

for x € K, 41 and 6 € (0, ).
In a similar way, we have, for € K, 41 and 0 € (—m,0),

aI n+1) ! 4 /4 4 !
8 (x,8) = Jig + Ji1 + 12 + Ji3 + J1gs
where
0 [ fa + 1
J! :HsCOS / a S(_ / ,](n)t " doerdi
=tigy L, oo (Mgt eon) [ pe ) docit
[Ls cos 6 Lo + s
Jil = Sin29 §n+1 exp< Sind 5n+1)/ (5 f) (£C+5n+1,f )dO’g/,
1o Hs cosf [UHOnit _ _,U'a"',ufs —
iz 1= sin?0 J, (t = @) exp sin 6 (t - =)
o1
X /S ()46 dog,
1
Hs :ua+/~’/s
Js ::sinﬂ/ s 20 (t —x)cosd
T—O0n+1

fa + s
sin 0

=) [ o6 0.8 do

xexp(
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and

/ + s Ip " 7(n) /

= =y I rat.
Byt Lo (Retlieo) [ %ie eyr00n¢) dogat
Since J's above satisfy the same estimates as Js’, the estimate (4.1) also holds
for © € Kyy1 and 0 € (—m,0). It is obvious that the estimate (4.1) holds

for v € K11 and 0 € {0,7}. If we take a positive constant C' such that
1
C > - + 202 we obtain the estimation in the statement of this lemma. O
We now take {5,(11)}n20, defined in subsection 3.2, as {d,, }n>0. From Lemma
4.3, we obtain, for all N,

Z aﬂn) N az (n)
n=0 = n

81(0) 27 s n

<[ : H SUN
0 Hat s 00 n=0
a[(n)
+ I(") OO
ua+us nz 5 H | +u

Obviously, the first term of the right hand side above is finite. The other
terms converge as N tends to oo as we have seen in subsection 3.2. Thus the

[(") a1
series Z converges absolutely and uniformly on K x S'. Since 50 is

Ol = 0I™
continuous on K x §*, 1 ~— is also continuous on K x S!. Now we

90 00

oI
take K arbitrarily to conclude that 20 cCxsh).
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