BACKWARD REPRESENTATION OF ROUGH INTEGRAL: AN
APPROACH BASED ON FRACTIONAL CALCULUS

YU ITO

ABSTRACT. On the basis of fractional calculus, the integral of controlled paths
along Holder rough paths is given explicitly as Lebesgue integrals for fractional
derivative operators, without using any arguments from a discrete approxima-
tion. In this paper, we introduce a backward version of the integral and provide
fundamental relations between both integrals from the perspective of the back-
ward representation of the rough integral.

1. INTRODUCTION

On the basis of fractional calculus, Hu and Nualart [6] introduced an approach
for rough path analysis. One of the notable features of this approach is the concept
of integrals with respect to rough paths, called rough integrals. The usual rough
integral is based on arguments from a discrete approximation and is given as the
limit of the compensated Riemann—Stieltjes sums as follows:

t
/s (Y, V") d(X,X) |P£1ﬂ02n (Xt — Xe) + Y/ X011
for 0 < s <t <T. Here, (X,X) € Q3([0,T],R%) is a S-Holder rough path
and (Y,Y") € Q%([0,T), L(R™,R%)) is an X-controlled path with 3 € (1/3,1/2].
(See Section 2.2 for the basic concepts of rough path analysis.) This limit is
taken over all finite partitions Ps, := {to,t1,...,t,} of the interval [s, ¢] such that
s =1ty <tp < - <t, =tand |Psy| := maxo<j<n_1|tiz1 — t;|. However, as
defined in Definition 2.2, the rough integral of the approach based on fractional
calculus is given explicitly in terms of Lebesgue integrals for fractional derivative
operators without using any arguments from the discrete approximation. The
integral /(x x)(Y,Y”) in Definition 2.2 was introduced by Hu and Nualart [6] and
the author [10], and can be regarded as an extension of the (forward) integral of Y
with respect to X in the integration theory developed by Zéhle [18]. It follows from
[10, Theorem 2.5] that I x x)(Y,Y”)s, is consistent with the usual rough integral;
specifically, the identity [xx)(Y,Y")ss = fst(Y, Y’)d(X,X) holds. (See [7-9,11,
12] for related studies.) Such explicit expressions directly lead to a quantitative

estimation of the rough integrals and solutions to differential equations driven by
a rough path (e.g., [1,2,16]).
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In this paper, we introduce a backward version of the integral I\ xx)(Y,Y”)
and consider the relations between these integrals from the perspective of the

backward representation of the rough integral in [3] as follows: Let (X, X) and
(?, }<7/) be the (time 77) time reversal of (X, X) and (Y, Y”), respectively. Namely,
(Y, g) is a -Holder rough path defined by ?t = Xr_4 fort € [0,7] and X, =
Xy + (Xp—s — Xr—t) @ (Xp—s — Xpy) for 0 < s <t < T, and (?, }<7’) is
an Y—controlled path defined in the same way as ? Then, the equalities

T n—1
[ o = tim S {0
s i=0

+ Y;;-H (Xtivtwrl - (Xti+1 - Xti) ® <Xti+1 - th))}

_ —/T_S(?,?') 4% %) (1.1)

hold for 0 < s < T and are called backward representation of the rough inte-
gral (cf. [3, Proposition 5.12]). The purpose of this paper is to clarify the struc-
tures of rough integrals based on fractional calculus from the perspective of the
fundamental property (1.1).

In Section 2.4, we introduce a backward version of I(xx)(Y,Y’), denoted by
Jixx)(Y,Y’) in Definition 2.2. Note that Jixx)(Y,Y’) can be regarded as an
extension of the backward integral of Y with respect to X in [18] (see (1) of
Remark 2.3). In Section 3, using the basic formulas of fractional calculus, we
describe the derivation of Jxx)(Y,Y’) from the usual rough integral. Because we
are studying the backward version, it will be useful to keep these aspects in mind.
In Section 2.5, we focus on the backward representation (1.1). First, we show that
the equalities

%
Joxso (V.Y )se = = (y’g)(y, Y r_ir—s
and
, R
I(Xax) (K Y )S,t = _J(y,i)( 7Y )Tft,Tfs

hold for 0 < s < t < T (Theorem 2.5). To prove these equalities, we use
Lemma 2.4, which provides the relations between the fractional derivative op-
erators and time reversals. Next, using Theorem 2.5 and the results of the pre-
vious study [10, Theorem 2.5] mentioned in the first paragraph, we show that
Jixx)(Y,Y’) is also consistent with the usual rough integral; namely, the iden-
tity Joxx)(Y,Y')sr = f:(Y, Y")d(X,X) holds (Theorem 2.6). Therefore, from
Theorems 2.5 and 2.6, we obtain the backward representation (1.1) and see that
Jixx)(Y,Y")s+ gives an explicit expression on the right-hand side of the first equal-
ity of (1.1). Although the definition of Jx x)(Y,Y”) is more complicated than that
of Iixx)(Y,Y"), the proofs of Lemma 2.4, Theorems 2.5, and 2.6 in Section 2 are
obtained through straightforward computations.
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The remainder of this paper is organized as follows: In Section 2, we introduce
the definition of the integrals and the main theorems. We also recall some basic
components of rough path analysis and fractional calculus. In Section 3, we
provide another proof for Theorem 2.6 without using [10, Theorem 2.5].

2. FRAMEWORK AND MAIN THEOREMS

In this section, we introduce the definitions of integrals and the main theorems.
We also briefly review concepts such as rough paths, controlled paths, and frac-
tional integral and derivative operators. We follow the standard treatments for
rough path analysis [3-5,13-15] and fractional calculus [17,18].

2.1. Notation. Let V and W be finite-dimensional normed spaces with norms
Il - |lv and || - ||w, respectively. Although the fundamental theories of rough paths
and controlled paths are valid for suitable infinite-dimensional Banach spaces, we
consider only finite-dimensional cases in this paper to avoid technical difficulties
that are not relevant to our theme. Let L(V, W) denote the set of all linear maps
from V to W. Let T denote a positive constant that is fixed throughout this paper.
Let a,b € R with 0 < a < b <T. Simplex {(s,t) € R? : a < s <t < b} is denoted
by Aup and is a closed subset of R%. Let C([a,b],V) and C(A.p, V) denote
the spaces of all V-valued continuous functions on the interval [a,b] and A,p,
respectively. For ¢ € C([a,b], V), we define 1) € C(Dup, V) as 0bsy := thy — g
for (s,t) € Agp. Let A € (0,1]. We then set

e — bsllv W5 ellv
. — su e and \Ij . — Ssu :
|W||A7[a,b] a§s<1t)§b (t — S)A H ||)\7[a7b] a§s<1t)§b (t _ 8))‘

for v € C([a,b],V) and ¥ € C(Aup, V). We omit [a, b] from the notation if there
is no ambiguity; that is, we write |||, and || W]\ instead of ||¢|| xa,5 and || ¥][x(a,5-
We sct. C*((a, b, V) == {1 € C([a,b], V) : [[é]ljus) < 00} and OBy, V) = (¥ €
C(Dap, V) [|[¥]|nfap) < 00}. Hereafter, d; and dy denote positive integers; E and

F denote the Euclidean spaces R% and R, respectively; and | - | denotes the
Euclidean norms of F, F', and their tensor spaces. Let k£ be a positive integer.
For « € R and a € E®* we set (—1)* := €™ and |[(—=1)%a| = |a|. Let B

denote a real number with 1/3 < § < 1/2 and let v denote a real number with
(1 —-75)/2 <y < B. These numbers are fixed throughout this paper.

2.2. Rough paths and controlled paths. To describe the main theorems of
this paper, we slightly reformulate the definitions of both Holder rough paths and
controlled paths. The usual definitions correspond to the case a = 0, b =T'. Let
a,b € R with 0 <a <b<T. We say that pair (X,X) is a f-Hélder rough path
on [a,b] with values in F if (X, X) satisfies the following two conditions:

(1) X € CP([a,b], E) and X € C*¥(Aup, E @ E);

(2) for s, t,u € [a,b] with s <u <t,

Xs,t _— Xs,u — X’u,,t = (Xu _— Xs) ® (Xt — Xu) (21)
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The space of all S-Holder rough paths on [a,b] with values in F is denoted by
Qs([a, b], E). For (X,X) € Qp([a,b], E), we set Xy := X1y for ¢ € [a,b] and

§st = _Xa—l—b t,a+b—s + (X(H-b s Xa+b t) ® (Xa—l-b s “atb— t)

for (s,t) € Ayp. Then, the pair ( ? § is a f-Holder rough path on [a,b] with
values in £/. When a =0, b = ? § is called the (time 7') time reversal of
(X,X) € (0, 7], E).
Given X € C%([a,b], E), we say that pair (Y,Y”) is an X-controlled path on

la, b] with values in F' if (Y,Y”) satisfies the following two conditions:

(1) Y € C%([a,b], F) and Y" € C*([a, b], L(E, F));

(2) R € C*(Aay, F), where RY, := Y, =Y, = Y/(X; — X,) for (s,1) € Dy
The space of all X-controlled paths on [a,b] with values in F 1s denoted by
Q% ([a. b, F). For (¥.¥") € Qx([a. bl F), we set V= Yo and YV, =Y/, ,

for t € [a,b]. Then, the pair ( ? Y’) is an X -controlled path on [a, b] with values
in F', and

Y
Rs,t Ra+b t,a+b—s (YCL/+b s Yc:—i-b t)(Xa-i-b—s - a+b—t)

holds for (s,t) € A,p. For further details and examples of Holder rough paths
and controlled paths, see [3-5].

2.3. Fractional integrals and derivatives. Let a and b be real numbers with
a < b. Forp € [1,00), let L*(a,b) denote the complex LP-space on the interval [a, b]
with respect to the Lebesgue measure. Let f € L'(a,b) and « € (0,00). The left-
and right-sided Riemann—Liouville fractional integrals of f of order « are defined
for almost all ¢ € (a,b) by

12, f(t) = —

o [ s

and

) =S [0 ds

respectively, where I' denotes the gamma function. For p € [1,00), let I, (L?)
and I3 (LP) denote the images of LP(a,b) by operators I, and I;* , respectively.
In addition, let f € 12 (L) (vesp. Iy (L')) with 0 < o < 1, the Weyl-Marchaud
fractional derivative of f of order « is defined for almost all ¢t € (a b) by

D)= s (s o [ HOL )

for the left-sided version, and

P10 = iy (g o [ e )
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for the right-sided version. Here, the integrals above are well-defined for almost
all t € (a,b). The inversion formulas, i.e.,

15 (D, f) = [ (resp. " (Dy_f) = [) (2.2)
for f € I (L") (vesp. If (L)) with 0 < a < 1, and
De (I )=, Dy (L f)=f (2.3)

for f € L'(a,b) and 0 < a < 1 are fundamental and are used in the proof of
Lemma 2.1. The following two formulas are used in the proof of Lemma 3.1 in
Section 3. The first is the composition formula:

D3 (Dgyf) = Dat’f  (vesp. Dy_(Dy_f) = Dy*7f) (2.4)

for f e IZTP(LY) (vesp. IMTP(LY), 0 < @ < 1, and 0 < 8 < 1, with o+ § < 1.
The second is the integration by parts formula of order «:

/ DL feglt)dt = [ FODF (0t (25)

for f e I$ (LP), g € I;) (L9),0 < a < 1,1 <p<oo andl < g < oo,
with 1/p+ 1/¢ < 1+ «. The following statements about the Holder continuous
functions are used in some of the discussions in this paper: Let f be a real-
valued Holder continuous function of order A € (0, 1] on the interval [a, b]. Then,
f—f(a) € I3 (L?) and f — f(b) € I;* (L?) hold for a € (0,A) and p € [1,00).
Lemma 2.1 is a backward version of [18, Proposition 2.2].

Lemma 2.1. Let f be a real-valued Hé'lder continuous function of order A € (0,1]
on the interval [a,b]. Then, for x,y € [a,b] with x <y and o € (1 — A, 1),

1) - / DY 1y (DY (f — f@)(B)dt,  (26)
where 1., denotes the indicator function of the interval [z,y).
Proof. From the Holder continuity of f and (2.2),
F) — £(x) = (Fw) — F(@) — (F(2) — f(a))
— 50D — f@)(y) — I5D5A(f — f(a) ()
=ﬁ/ (y— 5)*DL(f — f(@))(5) ds

1 ‘ —anl—a
—m/G(x—S) D (f — f(a))(s)ds

~ i [ (e - e prces - gras)as

(y—s)* (z—-s)°

It therefore suffices to show that

o D (L@ L (@)
RS e (=) 27
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for t € (a,b). Let ¢(t) denote the right-hand side of (2.7). Note that ¢ € LP(a,b)
if and only if ap < 1. For t € [a, z),

Iy (1)

= m(/ty(s — )y —s5)"*ds — /tx(s — ) Nz —s5)7 ds)
! Bla,1—a)— Bla,1—a)) = 0,

- I(a)T(1— a)(
where B denotes the beta function. Similarly, for ¢ € [x,y),
1 y B _ B(a,1 —a)
I 1) = — ) 1 _ a g = ? —
=) = T —a) /t (s ="y =) ds = s ra = o)
Obviously, I;* ¢(t) = 0 for t € [y,b]. Therefore, Ij* p(t) = 1,,(t) for t € [a,b].
Hence, from (2.3), we obtain (2.7). The proof is therefore finished. O

2.4. Rough integrals via fractional calculus. To describe our integration, we
introduce a slight generalization of Weyl-Marchaud fractional derivatives. Let
a,bERwith0<a<b<T. Let ¥ € C*NAup V) with A € (0,1] and a € (0, ).
We define D¢, ¥ with s € [a,b) and Dy ¥ with ¢ € (a,b] by

D W(s) =0,

P9 = iy (o o )

for u € (s,b] and

DY U(t) =0,

D W (u) = &_11)_;) ((t qi“;i)a T / (EJT d”>

for u € [a,t). If U € C}Aup, V) is of the form ¥ = §i for some ¢p € C*([a, b], V),
DV = D (¢ — ) and D W = Di* (¢ —4y) hold, by definition, for o € (0, A).
The following estimates are used in some of the discussions in this paper:
1 A
DV < U, — )M 2.
D5, ¥l < gy g |l =) (28)
for u € [s,b] and
D (u)lv < 1 4 19 gy (8 = )™ (2.9)
=S\l = F'l—a)A—« Mo ! .

for u € [a,t]. These can be proved through a straightforward computation. We
now introduce our definition of the integral of (Y,Y”) along (X,X). Note that
Ixx)(Y,Y')s, in Definition 2.2 was introduced by Hu and Nualart [6] and the
author [10]. Recall that § is a real number with 1/3 < 5 < 1/2, and 7 is a real
number with (1 —5)/2 <~ < .
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Definition 2.2. Let a,b € R with 0 <a < b <T. Let (X,X) € Q3([a,b], E) and
(Y,Y") € Q%([a,b], L(E, F)). For (s,t) € Ay, we define Ixx)(Y,Y')s € F by
[(X,X) (}/7 Y/)s,t = Ys(Xt - Xs) + YZXs,t

(-1 / DITRY (u) DY (X — X,)(u) du

+ (-1 / DY — Y!)(u) D) (D} X)(u) du.

For (s,t) € Agy, we define Jixx)(Y,Y")s: € F by
Jxx) (YY) s
=Yy (Xp — Xo) + Y/ (X — (X = X)) ® (X = X))

+ (=17t /t D,~"(RY — §Y'6X)(u) D (X — X,)(u) du

t
+ (-0 [ DEPY - Y) () DY (DL (X — 6X @ 6X))(u) du.

It follows from (1—/)/2 < v < [ that the fractional derivatives in Definition 2.2
are well-defined; in fact, Di."RY and D;~"(RY — §Y'6X) are well-defined from
1—y <28, DE2(Y'=Y!) and D=2 (Y'—Y/) from 1 -2y < B, and D] (X — X;)
and D}, (X — X) from v < 8. For D} (D] X) and D, (D], (X —0X ® X)), see
(2) of Remark 2.3.

Remark 2.3. Let us make some comments about Definition 2.2.

(1) fY € C?([a,b], L(E, F)) and Y’ = 0, i.e., Y is identically zero, then, for
(S,t) c Aa,ba

I (Y, Y )sr = Ya(Xy = Xo) + (—1)”/ DY = Yo)(u) DI (X — Xo)(u) du

S

and
t
Jxx) (VY )er = Yi(Xy — Xo) + (—1)“/ DY = Y)(u) DY (X — X,)(u) du.

The right-hand sides of these equalities belong to the category of the in-
tegration theory by Zéhle [18]. The former (resp. the latter) is called the
forward integral (resp. backward integral) of Y with respect to X.

(2) We note that D] (D; X) and D], (D], (X—0X®0X)) are well-defined be-
cause D] X is f-Holder continuous on [a, ] and D} X(t) = 0, and D7, (X—
dX ®0X) is f-Holder continuous on [s,b] and D] (X — 35X ® §X)(s) = 0.
For proofs, see, e.g., [6, Lemma 6.3] and (2.16). Furthermore, it follows
from [10, Lemma 3.6] that

D} (D] X)(u) = DPX(u) — D} (6X @ D] (X — X;))(u) (2.10)
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holds for u € [a,t]. Here,

D (6 © D (X ~ Xg)(u) i= () [ EDELEE R g,
Similarly,
D], (D1, (X = 0X ®6X))(u) = DI (X — 6X ® 6X)(u) (2.11)

— D (0X ® DI (X — X,))(u)

holds for u € [s, b]. Here,

DL (0X @ DI (X — X,))(u) :=

¥ /“ 0Xpu ® D] (X — X;)(v) o,

I —7) (u—wv)r*t

(3) From (2.8), (2.9), (2.10), and (2.11), it is easy to see that there exists a
positive constant C, depending only on 8 and v, such that, for (s,t) € Agp,

|[(X,X)(Y7 Y/)s,t - (}/S<Xt - Xs) + YZXs,t”
< CUIR [lapll X lls + 1Y Ls(1X]l2s + 1 X5}t = 5)*

and

[ Jxx) (VY ) — (Vi(Xy — X)) + Y (X — (X — X) @ (X; = X4)))|
< C{IIRY 2l X Nls + 1Y s (IXl25 + 1IX[12)}(E — ).

2.5. Main Theorems. We here introduce the main theorems of this paper (The-
orems 2.5 and 2.6). Using Lemma 2.4, we prove Theorem 2.5. See Section 2.2 for

the definitions of (X, X) € Qu([a,b], B) and (V. V") € Q2 ([a, b, F).

Lemma 2.4. Let a,b € R with0 <a<b<T. Setv =a+b—u foru € [a,bl].
Let (X,X) € Qg([a,b], E) and (Y,Y") € Q% (|a,b], F). Then,

DB —Y))(w) = ()DL (Y - VW), (212)
DI(RY — 6Y'5X)(u) = (~1)' DL RY () (2.13)
hold for t € (a,b] and u € [a,t], and
DY (X = X,)(u) = (=1)77D_(X — X)), (2.14)
DY, (DY, (X — 6X ®6X))(u) = (~1)"2'D],_(D}_X)() (2.15)

hold for s € |a,b) and u € [s,b].
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%
Proof. We first prove (2.12) and (2.13). Fix u € [a,t]. By using Y, = Y’ and
the change of variable v/ = a + b — v in the definition of D} > (Y" — Y/)(u),
D=7(Y' = Y))(u)

(—1)1_27 <Y_'/ ;= ?t’ u' }<7/ =Y,
u 1 . 2 Uu v d /
ra e (e ) [ e )

—
— (~)"TDE - V().

Similarly, by using the relation Rf,t —0Y, ,0Xy = —R;’,/T . and the change of
variable v/ = a + b — v in the definition of D;~"(RY — Y6 X)(u),

D (RY = 0Y'6X)(u)

(-)0 ¢ —RE, A
“ sy w0 )

— (=)' DIRY ().

t'+

Next, we prove (2.15) and omit the proof of (2.14) because it is similar to (2.12).
Fix u € [s,b]. By using X;, — 0X;, ® 0X,, = —yu/,s/, the change of variable
v' = a+b—wv in the definition of D} (X=X ®X)(u), and —1 = (=1)77(=1)'*,

DY, (X — 60X @ 6X)(u) = (—1)D)_ X (u). (2.16)
Therefore, using the same arguments as above,
D, (D, (X - 6X @ 6X))(u)

_ (07 (DR X@) DL X@) DL X()
‘r<1—7><<s'—u'>v ”/u/ (v —wy d)
— (=)' D}_(D}_X)(u).

In the last equality, we used (—1)™7 = (—1)"27(—1)7. The proof is thus finished.
U

Theorem 2.5. Let a,b € R with 0 < a <b<T. Let (X,X) € Qz([a,b], E) and
(Y,Y") € Q% ([a,b], L(E, F)). Then, for (s,t) € Aqy,

, &
J(X,X) (Y, Y )s,t = _I(§7§)( 7Y )a+b—t,a+b—s (217)
and

: & &
[(X,X) <Y7 Y )s,t = — (§7§)( ’Y )a+b7t,a+b78' (218)
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Proof. Set t' =a+b—tand s =a+ b —s. Then, by using Lemma 2.4 and the
change of variable v’ = a + b — u in the definition of Jix x)(Y,Y”)s,

Jxx) (Y, Y )s

= _?t’(ys’ - Xt’) - }<7/t’ t s’
(1! / (1R () D (K - K du

s / ()DL V)W) (1) Dy (D) K) ) d

%
= _[(K,X)(?v Y s
Hence, (2.17) holds. From (X, X) = (%, %), YY) = (%,}g), and (2.17),

p= —
[(X,X) (Y7 Y/)s,t = I(§ §)(§7 Yl)aerfs’,aerft/ = _J(§7§) (?7 Y/)t’,s/-

Therefore, (2.18) holds. The proof is finished. O

Theorem 2.6 justifies the interpretation of /(x x)(Y,Y”) and Jx x)(Y,Y”) as the
integrals of (Y,Y”) along (X, X).

Theorem 2.6. Let (X,X) € Qz([0,T],E) and (Y,Y') € Q%([0,T), L(E, F)).
Then, Iixx)(Y,Y') and Jxx)(Y,Y') coincide with the rough integral of (Y,Y")
along (X, X). Specifically, for (s,t) € Do,

I (VoY) = lim Z Voo = Xo) +YiXKu (219)
and
J( )(Y Y = |79£1t|Hi>0 Z }/t th+1 - ) + }/;ixti,ti+17 (220)

where the limits are taken over all finite partitions Psy = {to,t1,...,tn} of the
interval [s,t] such that s =ty < t; < --- <t, =1 and |Pss| = maxo<j<n_1|ti1—ti|.

Proof. We omit the proof of (2.19) becasue it follows from [10, Theorem 2.5].
Using (2.19) and (2.17), we prove (2.20). (In Section 3, we provide another proof
of (2.20) without using (2.19).) We fix (s,t) € Ay with s < ¢ because (2.20)
obviously holds when s = ¢. For z,y € [s,t] with 2 < y, we set 2’ =T — x and
y =T —y. We then have

e
VX, -Xo)+v %Ex,y Yy (X — X)) + VK
R} 0X 0 — Y o (Xy ot — 6 Xy ® 06Xy o)

Yz
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and therefore,
\? (? ? )+ v %x,y + Yy (Xo = Xy) + Y, Xy o]
< (IR Nasll XNl + 1Y 15 (X [l26 + 1X[15) (5 — 2)*. (2.21)
By using (2.17), (2.19), (2.21) with z = s; and y = s;41, and 35 > 1, we have
: %
J(X,X)(Y,Y)st:_f(y‘g Y t’ /

— lim 2?8] 5J+1—§sj)—l—1<7lsj§

S§5,85
‘Pt/ /‘—>0 A

_ : /

= lim 0§ :YSSH(XSQ_ Xy )+ Y] Xy a
s =07
’ 7=0

where the limits are taken over all finite partitions Py ¢ = {so, s1,...,8mn} of the
interval [/, s'] such that ¢ = sg < s; < -+ < s, = §’. Because {s(,s],...,5,} is
a partition of the interval [s,¢] such that s = 5], < s/ _; <--- < s{ =t, we obtain
the statement of (2.20). The proof is thus finished. O

Using Theorems 2.5 and 2.6, we describe the backward representation (1.1) as
follows: Under the assumptions and the notation of Theorem 2.6, for s € [0,T),

T
/ (Y7 Y/) d<X7 X) = J(X,X) (Y7 YI)S,T
—
— _[(Y,X)(?7 YI)O,T—s

_ —/T_s(‘)?,?’) 4%, %)

and for Psp = {to,t1,...,t,} such that s =ty <ty <--- <t, =T,

n—1
{}/;Hrl Xt i+1 Xti) + Y;H (thtwrl - (Xti+1 - Xti) ® (Xti+1 - th))}

=0
e
== Z {?tzﬂ (K= Xu,)+ Y’t;H(Xt;H,t;}
=0

%
— —I(§7§) (Y, Y/)O,T—s
as |Psr| — 0. Therefore, we obtain the equalities of (1.1).

3. ANOTHER PROOF OF THEOREM 2.6

In this section, we provide another proof for (2.20) without using (2.19). The
outline of the proof is based on that of (2.19), described in the author’s previous
study [10]. Lemma 3.1, Propositions 3.2, and 3.3 below are regarded as backward
versions of Lemmas 3.5, 3.7, and Proposition 2.4, respectively, in [10]. Recall that
124 is the indicator function of the interval [z,y) C R.
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Lemma 3.1. Let (X,X) € Q([0,T], E) and (s,t) € Do with s < t. Then, for
x,y € [s,t] with x <y,

Ky = (177 [ DI 0)(%, ~ X) © DL - X)) da (31
217 [ D ()DL (D, 08 — 5 8 0X)) ) du
Proof. From the definition of (X, X) and (2.6),
Xoy =Xy — Xyo — (X — X)) @ (X, — Xy)

t
= (=177 [ DI 1 () D2 (K, ~ Ke) ) du

s

t
1yt / DYy (w)(Xs — X.) ® DI (X — X,)(u) du.

From X, ; = 0 and (2.1), for u € [s, T,

D (X, = Xo6) (u)

o] v /u%u_ﬂ ')

Y u Y Xy Xs ®(X X) v
~ P )+F(1—v)/ oy

— D}, X(u) — DL (6X @ 6X)(u) + (X, — X,) ® DI, (X — X.)(u).

Therefore, from (2.4) and (2.5) with o =7, 1/y <p<oo,and 1 < ¢ < 1/(1—7),
t
Xey = (—1)71/ D"y (w)
X (X = X,) = (Xa = X.)) @ DY (X — X,)(u) du
t
(177 [ DIy (DR (X - 6X © 6X) (u) du
t
= (177 [ DIy (@)X~ X0 DL (X — X)) du
¢
1271 [ DI 0 (1) DL (D, (= 5X 0 6X)) (1) du
We note that the conditions for the uses of (2.4) and (2.5) are satisfied, from (a)
D!, (X—0X ®JX) is f-Holder continuous on the interval [s, T and D), (X—0X ®

6X)(s) = 0, and (b) 1y, € I,-7(L9) if and only if (1 — )¢ < 1. The proof is
thus finished. O
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Proposition 3.2. Let (X,X) € Q43([0,T], E) and (Y,Y") € Q%.([0,T), L(E, F)).
Then, for (s,t) € Do with s <t,

t
T (Y, Y )y = (—1)77! / DI(RY — 8Y'6X)(u) DYy (X — X,)(u) du

S

t
+ (=077 [ DEBY ()DL (DY, (€~ 5X © 5X)) () du,

where
D} (RY — 6Y'6X)(u)
_1)=m+1 Y, ERY —0Y! 60Xy,
= (=1) — —i—(l—'y)/ : ——— dv
T -\ G0 T
foru e [0,1).

Proof. From (2.6) and (3.1) with x = s and y = ¢, we have
}/t(Xt - Xs) + Yt,(Xs,t - (Xt - Xs) & (Xt - Xs))

— (1! / DI (Y + Y{(X = X)) () DY, (X — X.) (1) du

t
+ (=177 [ DL (Yo () DL (D, (= 6X  6X)) () du

Therefore, from the definition of Jix x)(Y,Y”), we have
Jxx) (Y, Y )su

= (=1 / (DR = 8Y'8X) (u) + D27 (Y + Y/ (X — X0)) 1)) (1))
x D (X — X,)(u) du

t
D [ DR =¥ ) + DI (L) )
x DI (D], (X - X ®6X))(u) du.
From the equality
(_1)1—k'y 1

Pl =1 =k) (t =)™
for k=1,2 and u € (s,t) (see (2.7) with x = a and y = b),

D, "(RY — 6Y'6X)(u) + D27 (Vi + Y/ (X — X)) Ljsy) (w)

=D} (R — 6Y'6X)(u),

D= (Y = Y))(u) + Dy~ (Y1) (w) = D= 2Y (u)

—k
Dtl_ 71[8715) (u) =

hold for u € (s,t). Therefore, we obtain the statement of the proposition. O
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Proposition 3.3. Let X € C([0,T), E) and (Y,Y') € Q5([0,T],F). Then, for
(s,t) € Do with s < t,

t n—1
Jim [ DI (4 YO = X)) 32)
ot s i=0
—D(RY = 8Y'5X)(u)| du =0
and
t n—1
i [1DE Y ) = DY @l =0, 39

Proof. We omit the proof of (3.3) because it is similar to (3.2). In fact, formally
taking Y’ = 0 and o = 1 — 27 in the proof of (3.2) provides a proof of (3.3). Set
a =1—1. Note that a < 2f. For u € (s,t), we set

—_

(D (Y Vi + YL (X0 = X)) — DR (R — 5Y'5X)(a)

x (—1)°T(1 - )

[e=]

n—1 t PP
= (0 Y0 = X 0) = Yot =)+ | =t
— Sh(u) + S (u)
Here,
n—1
\IJZZv = Z(}/;% + YZZ (XU - Xti))<1[ti,ti+1)(u) - 1[ti,ti+1)(v)) + R;/,v - 5Y1:,U§XU7U
i=0
for (u,v) € Asy. It therefore suffices to show that
g
li S. du =10 3.4
Jim [ 15h) du (3.4

holds for I = 1, 2. First, from the equality

()/;z + YZ (Xu - Xti))l[ti7ti+l)(u> -Y, = -R;
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for u € [t;,t;41), we have

t n—1 tiv1
[1shwlan=3" [ ispwldu
s i=0 Yt
n—1 tiv1
— Z/ |RZ7U|(t—u)_a du
i=0 Yt
n—1 tiv1
IR s Y [ =
i=0 Yt

n—1 tiv1
< R gl Pus® S / (t— ) du
i=0 /i

= | RY [l2g| Pee [P (1 — @) M (t — 5)' 72
Therefore, (3.4) holds for [ = 1. Next, using the equality

Lit1 \ij n—1 ti+1 \I]'P
S%(u):a/ %dvaaZ/ —= —dv
u tj

v — u)ot = (v — u)o+!

for u € [t;,t;41), we have

t tn n=2 ety
/ 152 ()| du = / 1S3 ()] du+ Y / 152 ()| du
s tn—1 i=0 Yt
nolo et i |\IjP
< _ WY dud
_az/ / e dud
n—2 —

+az/ti > [ v

j=it17t
When t; <u < v < tiq, V), =Rl —0Y, 0X,,. Therefore,

n—1 tit1 tip1
Y —a—
Ay < (IR [l + 1Yl X )0 S / / (v — w1 v du
i=0 i u

n—1
= (IR 26 + V" ls]1 X [l5)(28 = )7 (28 =+ 1)1} (tisr — t:)*7 7
=0
< (IR 2 + 1Y |6l X [|5) (28 — @) 7128 — o+ 1) 7P [0 (t — 5).
When t; < u < tiv1 < tj <v < tj+1,

\I]iv - (Y;fz + Y;ﬁi (Xu - th)) - (Ytg + YZJ (XU - th)) + RZ,U - 5Y1:,v5XU7U
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Therefore,

n—2 n—1

i+1 Jj+1
Ay < | RY[|gp0 ) Z/ / (w—t;)* (v —u)™ " dvdu
t;

1=0 j=i+1
n—2 n—1

1+1 Jj+1
+ |RY ||25062 Z / / (v —1;)* (v —u)™* ' dv du

=0 j=i+1

n—2 n—1

tit1 fti41
Y sx e S S / [ -t doan
tj

=0 j=i+1
=: A9y + Aoy + Aas.

Through a straightforward computation,

Ay = |R” ||2/30é2/ (u—t;) 2ﬁ/ (v —u)™* " dv du

z+1

tit1

< |R¥ ||252/ (u—1t;)" (tix1 —u) *du

n—2
= |RY||l2sB(28 + 1,1 — ) Z (tip1 — t;) 2901
=0

< HRY|I2ﬁB(25+1>1—Oz)lps,t|2ﬂ Ut —s),

where B denotes the beta function. For Ay and Asz, we provide the following
estimate. For A € (0,00) and p € (0,1) with A+ u > 1,

n—2 n—

i+1 J+1
Z / / (v —t;)Mv — )" *dvdu
t;

i+1

‘7 L 7,+1 j+1
tivg — & v—u)" 2 dvdu
(tjr1 — )" (v—u)
t; t;

=0

W
S
— ||

n

M

3 <.
_

(i = )M = ) " (i — )" 4 (85— 8)" = (1 — 5)"}

< 21 — )T TP MR = s).
Letting (A, p) = (28,1 — ), (5,1 + 5 — «)),
Agy + Agg < {[|[RV [|26(1 — )™
+ Y [sl X [[sala = B) M1+ B — ) HPu Pt — s).

Hence, from the estimates of A; and Ay, (3.4) holds for [ = 2. Therefore, we
obtain the statement of (3.2). O

We now provide another proof of (2.20) in Theorem 2.6.
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Proof. We fix (s,t) € Ao with s <t because (2.20) obviously holds when s = ¢.
From (2.6) and (3.1) with x = ¢; and y = t;41,

n—1

Z Y;fz (Xti+1 - th‘) + Y;t/iXtutiH
=0

=y [ o (S (Y 4 YL (X — X)) Lt () D2 (X — X,)(u)

1=0
t —
+(—D}k1/mD?4W§:121M@HQOODLKDL4X-&Xéﬁ&XDQde
S i—0

Therefore, from Proposition 3.2,

n—1

|Z Yti(XtiJrl - Xti) + Y;Xti,tiﬂ - J(X,X) (Y> Y/)S,t|
=0

t n—1
< [ DT i+ Y = X)) (1) = DI (RY = 6Y'5X) w)] du
§ i=0

MW”@—XHM

/ D (Y 1)) — DY ()| du
D2 (D7, (X — 6 8 63)) o

where || ||, denotes the supremum norm on |[s, t|. Therefore, from Proposition 3.3,
we obtain the statement of (2.20). O
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